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Abstract

We considerthe inversescattering problem of determining the shape of mixed per-
fectly conducting-impedancescreensfrom a knowledgeof the incident time harmonic
electromagneticplane wave and the electric far �eld pattern of the scattered wave.
We adapt the linear sampling method invented by Colton and Kirsch (1996 In-
verseProblems, 12, 383-393)for the caseof scattering by obstacleswith nonempty
interior. Numerical examplesare given for mixed screensin R3.
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1 In tro duction

The inversescattering problem we considerin this paper is to determine the
shape of a scattering object from a knowledgeof the incident time harmonic
electromagneticplane wave and the electric far �eld pattern of the scattered
wave. In someapplications the scatterer is very thin, for which the thickness
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is small comparedto the wavelengthand other characteristic lengths.Further-
more the scatterer may be a perfect conductor on one side and coated by a
dielectric on the other side.It is then convenient to model it by an opensurface
in R3, called a screen, that satis�es a perfectly conducting boundary condi-
tion on onesideand an impedanceboundary condition on the other side.The
di�cult y in solving the inversescattering problem for mixed screensby using
iterativ e methods such as the Newton method [18] etc., lies in the amount of
a priori information on the geometricaland physical properties of the scat-
terer neededin order to implement the inversionscheme.The linear sampling
method, introducedby Colton and Kirch in 1996[13] for the Helmholtz equa-
tion with Dirichlet boundary conditions and further developed for more com-
plicated boundary conditions and Maxwell equations (seee.g. [5], [8], [11]),
is very suitable to arrive at the solution of the inverseproblem for screens
with mixed type boundary conditions. The linear sampling method was �rst
adapted to obstacleswith empty interior by Colton and one of the present
authors in [7] for the caseof mixed cracks in R2 and then a modi�ed version
was usedin [6] to reconstruct perfectly conducting screensin R3.

The goal of this paper is to establish the validit y of the linear sampling
method for the solution of the three dimensionalelectromagneticinversescat-
tering problemfor screenswith mixed perfectly conducting-impedancebound-
ary condition. As in [7] in order to establish this goal it is �rst necessary
to establish the well posednessof the corresponding direct problem. To our
knowledge in the caseof Maxwell's equation the existing literature covers
only the direct scattering problem for perfectly conducting screens[1], [4]. In
particular, for screenswith mixed boundary conditions the integral equation
approach usedin [1], [4], [7] becomesrather complicated.In Section2 we use
a variational method in suitable Hilbert spacesto solve the direct problem. In
this section,using the ideasof [5], we also establishan approximation prop-
erty of the tracesof electromagneticHerglotz pairs which is necessaryfor the
inversion scheme given in Section 3. Finally, in Section 4, we present some
numerical examplesthat establishthe viabilit y of our approach.

2 The direct scattering problem

Weconsiderthe scatteringof a time-harmonicelectromagneticplanewaveby a
very thin perfectly conductingobstaclein R3 that is coatedon onesidewith a
dielectric material. The positivevaluedfunction � describesthe material prop-
erties of this coating. In particular let � be a bounded,simply connected,ori-
entated, piecewisesmooth open surfacein R3 boundedby a piecewisesmooth
boundary curve l. We consider� aspart of a piecewisesmooth boundary @D
of someboundeddomain D � R3. Let � denotesthe normal vector to � that
coincideswith the outward normal vector de�ned almost everywhereon @D.
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Furthermore, for a vector �eld u, we denoteby � � u+ j � , 
 +
T uj � and � � u+ j � ,

(� � u� j � , 
 �
T uj � and � � u� j � ) the restriction to � of the traces � � uj@D ,


 T uj@D and � � uj@D respectively, from the outside (from the inside) of @D
where
 T u := � � (u � � ) is the tangential component of u.
The scattering of electromagneticwaves by a partially coated open surface
� (the screen)leads to the following boundary value problem for the total
electric �eld E:

curl curl E � k2E = 0 in R3 n � (1a)

 �

T E = 0 on � (1b)
� � curl E + � i�
 +

T E = 0 on � (1c)
E = E s + E i (1d)

where E i is the given incident electric �eld and E s is the scattered electric
wave. The scattered�eld E s, satis�es the Silver-M•uller radiation condition

lim
r !1

(curl E s � x � ik rE s) = 0 (2)

uniformly in x̂ = x=jxj, wherer = jxj and we considerincident plane electro-
magneticwave given by

E i (x; d;p) : =
i
k

curl curl peik d�x = ik (d � p) � deik d�x

H i (x; d;p) : = curl peik d�x = ik d � peik d�x

wherek > 0 is the wave number, d 2 
 := f x 2 R3 : jxj = 1g is a unit vector
giving the direction of the incident planewave and p 2 R3 is the polarization.
We assumethat � 2 L 1 (�) and � (x) � � 0 > 0.

2.1 Solution of the forward problem

Let us �rst recall the de�nition of the following Sobolev spaces

H (curl; BR n �) :=
n
u 2 (L2(BR n �)) 3 : curl u 2 (L2(BR n �)) 3

o

L2
t (�) :=

n
u 2 (L2(�)) 3 : � � u = 0 on �

o

whereBR is a ball that contains � and denoteby H loc(curl; R3 n � ) the space
of u 2 H (curl; BR n �) for all BR with radius R large enough.Then we de�ne
the Sobolev space

X loc(curl; R3 n �) := f u 2 H loc(curl; R3 n �) : � � u+ j � 2 L2
t (�) g; (3)
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equipped with the natural norm

kuk2
X (cur l ;B R n�) := kuk2

H (cur l ;B R n� ) + k� � u+ k2
L 2(�) : (4)

Now we can preciselyformulate the forward scattering problem: Given E i 2
X loc(curl; R3 n �) �nd E 2 X loc(curl; R3 n �) satisfying (1a)-(1d) and (2). We
will refer to this problem as (MSP).

Theorem 2.1 (MSP) hasat most one solution.

Pro of. Let @D be a closedsurfacecontaining � and enclosingthe bounded
domain D. We �rst apply the vector Green's formula for the solution E 2
X loc(curl; R3 n �) and H = 1

ik curl E of (MSP) corresponding to E i = 0, in D
and in De \ BR whereDe is exterior domain De := R3 nD and BR is a ball of
radius R > 0 containing D. SinceE 2 H (curl; BR n �) and from the equation
curl E 2 H (curl; BR n �) we have that � � E and � � H are continuousacross
@D n �. Henceusing the impedancecondition on � + we obtain

Z

D

�
jcurl E j2 � k2jE j2

�
dv �

Z

D e \ B R

�
jcurl E j2 � k2jE j2

�
dv

+ ik
Z

SR

(� � E) � H ds+ i
Z

�

� j
 +
T Ej2 ds = 0; (5)

Taking the imaginary part of (5) we now obtain

Re
Z

SR

(� � E) � H ds = �
1
k

Z

�

� j
 +
T Ej2 ds � 0;

Hencethe uniquenessfollows from [12], Theorem6.10,and the uniquecontin-
uation principle.

We now prove the existenceof a solution to (MSP) by using a variational
method. To this end let @D be a closedsurfacecontaining � and enclosingthe
boundeddomain D, De := R3 n D and de�ne

X 0(curl; BR n �) := f u 2 X (curl; BR n �) : � � u� j � = 0g:

Integrating by parts in D and De, and using the continuity of � � E and
� � curl E across@D n� (seethe proof of Theorem2.1), weobtain an equivalent
variation formulation for (MSP) as follows: Find E 2 X 0(curl; BR n �) such
that
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Z

D

�
curl E � curl � � k2E � �

�
dv +

Z

D e\ B R

�
curl E � curl � � k2E � �

�
dv

� i
Z

�

� 
 +
T E � 
 +

T � ds+ ik
Z

SR

Ge(x̂ � E) �
h
x̂ � (� � x̂)

i
dx̂ = (6)

� i
Z

�

� 
 +
T E i � 
 +

T � ds+ ik
Z

SR

h
Ge(x̂ � E i ) � x̂ � H i

i
�

h
x̂ � (� � x̂) dx̂

i
dx̂

for every test function � 2 X 0(curl; BR n �). HereGe is the exterior Calderon
operator (c.f. [15], [21]) which mapsa tangential vector �eld � on SR to x̂ � H
where(E; H ) satis�es

r � E � ik H = 0 in R3 n B R

r � H + ik E = 0 in R3 n B R

x̂ � E = � on SR

lim
r !1

(H � x � rE) = 0:

In the following we denote by (� ; �) the L 2 inner product and by h�; �i the
duality pairing between a spaceand its dual. To establish the existenceof
a solution of the above variational problem we need the following technical
lemmas.

Lemma 2.2 Let us de�ne

S := f H 1(BR n �) : p� j � = 0 and p+ j � = cg

and

~X 0 :=
n
u 2 X 0(curl; BR n �) : � k2(u; r q)B R + ik hGe(x̂ � u); r SR qi = 0 8q 2 S

o
:

Then r S is a closed subsetof X 0(curl; BR n �) and

X 0(curl; BR n �) = ~X 0 � r S:

This lemmais known asthe Helmholtz decomposition and the proof is entirely
classical(seee.g. [3], [9], [15], [21]).

Lemma 2.3 The space ~X 0 is compactly imbedded in L 2(BR ).

Pro of. Considera boundedsequencef uj g
1
j =1 in ~X 0. Each function in uj can

be extendedto all R3 by solving the exterior Maxwell problem

r � (r � vj ) � k2vj = 0 in R3 n B R ;
x̂ � vj = x̂ � vj on @BR ;
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together with the Silver-M•uller radiation condition at in�nit y. The extended
function ue

j de�ned by

ue
j =

8
><

>:

uj on BR ;

vj on R3 n B R

is in H loc(curl; BR n �) sincethe tangential components are continuousacross
SR . Noting that the condition in ~X 0 is a weak form of

8
><

>:

r � u = 0 in BR n �

k2x̂ � u = ik r SR � Ge(x̂ � u) on SR ;
(7)

we have that the extendedfunction hasa well de�ned divergenceand

r � (ue
j ) = 0 in R3 n � :

Now we choosea cuto� function � 2 C1
0 (R3) such that � = 1 in B R and

� is supported in O � B R . From a result of Costabel [14] we have that a
function u 2 L2(O) such that curl u 2 L 2(O n �), div u 2 L2(O n �), and
� � u� j � 2 L2

t (�) is continuously imbeddedin H
1
2 � � (O n �) for every � > 0.

This provesthe lemma.

Now we can look for a solution of (6) in the form E = W + r p with W 2 ~X 0

and p 2 S. Henceby usinga standardargument (seee.g.[5], [15],[21]),Lemma
2.2 and Lemma 2.3 together with the Lax-Milgram lemma imply that the
Fredholm alternative canbe applied to (6). Hencethe uniquenesstheorem2.1
implies the existenceresult. We summarizethe above analysisin the following
theorem.

Theorem 2.4 For any incident �eld E i 2 X loc(curl; R3 n �) there exists a
unique solution E 2 X loc(curl; R3 n �) of (MSP) which dependscontinuously
on E i .

For the analysisof the inverseproblem we needthe trace spacesof � � E � j �
and 
 �

T E for a E 2 H (curl; BR n �). Letting H s(@D), s 2 R, denote the
standard trace spaces[20]on a closedsurface@D we de�ne the following trace
spaceson a portion � of @D

H
1
2 (�) :=

n
uj � : u 2 H

1
2 (@D)

o

~H
1
2 (�) := f u 2 H

1
2 (�) : suppu � � g:
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We denoteby H � 1
2 (�) the dual spaceof ~H

1
2 (�) and ~H � 1

2 (�) the dual spaceof
H

1
2 (�) with L2(�) asthe pivot space.Note that ~H � 1

2 (�) canalsobe identi�ed
as the spaceof distributions

~H � 1
2 (�) := f u 2 H � 1

2 (�) : suppu � � g:

Now we are in the position to de�ne [9]

H
� 1

2
div (�) := f u 2 (H � 1

2 (�)) 3; � � u = 0; div@D u 2 H � 1
2 (�) g

H
� 1

2
cur l (�) := f u 2 (H � 1

2 (�)) 3; � � u = 0; curl@D u 2 H � 1
2 (�) g:

Let us denote by ~H
� 1

2
div (�) the dual spaceof H

� 1
2

cur l (�) in the duality pairing

h� � u; 
 T vi for u 2 H
� 1

2
cur l (�) and v 2 ~H

� 1
2

div (�). This spacecontains tangential
�elds u such that u 2 ( ~H � 1

2 (�)) 3, div@D uj � 2 ~H � 1
2 (�) and

Z

�

u � grad@D v ds+
Z

�

div@D u v ds = 0

for every v 2 H
3
2 (�). The latter meansthat the normal trace of u at the edge

l of � is well de�ned and is zero, that is � l � uj l = 0 where � l is the exterior
normal vector at the boundary l of � (for smooth screenssee[1] and [9], p.47).

Note also that a function u 2 ~H
� 1

2
div (�) can be extendedby zero to a function

in H
� 1

2
div (@D). It is known that the trace operators � � u� j � and 
 �

T j � map

H (curl; BR n �) into H
� 1

2
div (�) and H

� 1
2

cur l (�), respectively. We remark that for
piecewisesmooth opensurfacesthe de�nition of the above trace spacesneedsa
morecareful investigation. Thesespacesare fully characterized(note di�erent

notations H
� 1

2
kdiv (�) and H

� 1
2

? cur l (�), etc. are used!), the continuity and surjec-
tivit y of the trace operators is proved and the duality pairing is interpreted in
[2], [3] and [4]. However, for simplicity of our presentation, in generalwe will
keepthe samenotations for the trace spacesas for smooth open surfaces.
Sincethe solution spacefor (MSP) is X loc(curl; R3 n �) we needto specify the
spaceof 
 �

T E for E 2 X loc(curl; R3 n �) which is obviously a closedsubspace

of H
� 1

2
cur l (�) sinceX (curl; BR n�) is a closedsubspaceof H (curl; BR n�). (Note

that 
 +
T E 2 H

� 1
2

cur l (�) \ L2
t (�).) To this end we introduce

Y(�) :=

8
><

>:
f 2 (H � 1=2(�)) 3 : 9 u 2 H (curl; BR n �) ;


 +
T uj � 2 L2

t (�)

and f = 
 �
T uj �

9
>=

>;
:

It is easyto show that Y(�) is a Banach spacewith respect to the norm

kf k2
Y (�) := inf fk uk2

H (cur l ;B R n�) + k� � uk2
L 2(� I )g; (8)
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where the in�m um is taken over all functions u 2 H (curl; BR n �) such that

 +

T uj � 2 L2
t (�) and f = 
 �

T uj � . Let again @D be a closedsurfacecontaining
�, BR a large ball containing D and let u 2 H (curl; BR n �) be such that
� � uj@B R = 0, 
 +

T uj � 2 L2
t (�) and f = 
 �

T uj � . Applying integration by parts
in D and BR nD and usingthe fact that the tangential component of functions
in H (curl; BR n � ) is continuousacross@D n � we obtain

hf ; � i : =
Z

�

(� � u� ) � (
 �
T � ) ds (9)

= �
Z

B R

(curl u � � � u � curl � ) dv +
Z

�

(� � u+ ) � (
 +
T � ) ds:

Here � 2 X (curl; BR n �) such that � � � j@B R = 0 and the surfaceintegral on
the right hand side is understood in the L 2 sense.In particular (9) de�nes a
duality relation and characterizesthe dual spaceY 0(�) of Y(�). Hencek�kY (�)

is equivalent to the norm

jjj f jjj := sup
�

jhf ; � i j
k� kX (cur l ;B R n�)

for � 2 X (curl; BR n � ) such that � � � j@B R = 0.
Using the surjectivity and the continuity of the trace operator we can refor-
mulate Theorem 2.4. In particular, for any f 2 Y(�) and h 2 L 2

t (�) there
exists a unique solution E s 2 X loc(curl; R3 n �) of the problem

curl curl E s � k2E s = 0 in R3 n �

 �

T E s = f on � (10)
� � curl E s+ � i�
 +

T E s = h on �
lim

r !1
(curl E s � x � ik rE s) = 0

which satis�es

kE skX (cur l ;B R n� ) � C
�
kf kY (�) + khkL 2

t (�)

�
(11)

with a constant C > 0 independent of f and h.
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2.2 An approximation property

An electromagneticHerglotz pair is de�ned to be a pair of vector �elds of the
form

Eg(x) =
Z




eik x�dg(d)ds(d); Hg(x) =
1
ik

curl Eg(x) (12)

where the kernel g is a tangential vector �eld in L 2
t (
). It is easily seenthat

Eg, Hg is a solution of the Maxwell equationsin R3.
We now de�ne an operator H : L 2

t (
) ! Y(�) � L2
t (�) by

Hg :=

8
>>>>><

>>>>>:


 �
T Eg

on �

� � curlE +
g � i�
 +

T Eg

(13)

whereEg is the electric �eld of an electromagneticHerglotz pair with kernel
g 2 L2

t (
) de�ned by (12).

Theorem 2.5 The rangeof H is densein Y(�) � L 2
t (�) .

Pro of. By the changeof variablesd ! � d it su�ces to considerthe operator
H with Eg written as

Eg(x) =
Z




e� ik x�dg(d) ds(d):

Let H := Y(�) � L2
t (�) with dual H � := Y 0(�) � L2

t (�) in the component-wise
duality pairing. Note that L 2

t (�) is consideredas the dual spaceof itself with
respect to the L 2 scalarproduct. The dual operator H > : H � ! L2

t (
) of the
operator H is such that for every (� ; � ) 2 H � and g 2 L2

t (
) we have

hHg; (� ; � )i H ;H � =
D
g; H > [� ; � ]

E

L 2
t (
) ;L 2

t (
)
:

It is enoughto show that the dual operator H > is injective. Then the result
follows from the fact that the range of H can be characterized as (see[20]
p.23)

(RangeH) = aKern H >

where

aKern H > :=
n
(p1; p2) 2 H : h(p1; p2); (q1; q2)i H ;H � = 0 8 (q1; q2) 2 Kern H >

o
:
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In particular, the injectivit y of H > implies that (RangeH) = H . Simplecom-
putations shows that the dual operator H > is de�ned by

H > [� ; � ] = d �

8
<

:

Z

�

e� ik x�d� ds

� ik d �
Z

�

e� ik x�d(� � � ) ds � i�
Z

�

e� ik x�d� ds

9
=

;
� d:

Note that � and � are tangential �elds de�ned on 
 . One seesthat H > [� ; � ]
coincideswith the far �eld pattern of the combined electric and magnetic
dipole distributions

P(z) =
1
k2

curl curl
Z

�

�( x; z)� (x) dsx + curl
Z

�

�( x; z)( � � � (x)) dsx

� i�
1
k2

curl curl
Z

�

�( x; z)� (x)dsx ; z =2 �

where

�( x; z) :=
1

4�
eik jx � zj

jx � zj
; x 6= z and x; z 2 R3: (14)

The potential P(z) is well de�ned for z 2 R3n� andsatis�es curlcurl P � k2P =
0. Now, let usassumethat H > [a1; a2] = 0. This meansthat the far �eld pattern
of P is zeroand from Rellich's lemma P = 0 in R3 n �. If z ! � the following
jump relations hold

� � P+ � � � P � j � = � � � (15)
� � curl P+ � � � curl P � j � = � � i�� : (16)

The above jump relations are well de�ned in the senseof L 2 limit (see[12]
p.172) due to the relation (9) and the fact that � is a squareintegrable tan-
gential �eld. Hencefrom (15) and (16) we concludethat � = � = 0. Thus H >

is injective which provesthe theorem.

We remark that Theorem 2.5 claims that any pair (f ; g) 2 Y(�) � L 2
t (�) can

be approximated arbitrarily closely by the mixed trace of the sameelectric
Herglotz function Eg.
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3 In verse scattering problem

It is known [12]that the scatteredelectric �eld E s hasthe asymptotic behavior

E s(x) =
eik jx j

jxj

(

E1 (x̂) + O

 
1

jxj

! )

as jxj ! 1 , wherethe tangential �eld E1 is de�ned on the unit sphere

and is known as the electric far �eld pattern.
Wenow considerthe scatteringof an electromagneticplanewaveby a very thin
obstaclerepresented by � which on onesidebehaveslike a perfect conductor
and on the other side like a dielectric material with surfaceimpedance� . We
indicate the dependenceof the electric far �eld on the incident direction d and
polarization p by writing E1 (x̂; d;p). The inverse scattering problemwe will
consider in this paper is to determine � from the knowledgeof the electric
far �eld E1 (x̂; d;p) for x̂; d 2 
 and three linearly independent polarizations.
(Note that we do not assumea priori knowledgeof � . In particular the screen
can be a perfect conductor on both sides).By using the ideasof [8] we could
easily considerthe limited aperture casewherex̂; � d 2 
 0 � 
.

Theorem 3.1 Let B denoteeither a perfectly conductingboundary condition
or a mixed boundary condition. Assumethat � 1 and � 2 are two open surfaces
with boundary conditions B1 and B2 such that the far �eld patterns coincide
for all incident directions D, all observationdirections x̂, and three linearly
independentpolarization p. Then � 1 = � 2.

Pro of. The proof of this theorem is basedon the idea of Kirsh and Kress
[16]. A generaland simpli�ed framework for the uniquenessproof for inverse
electromagneticobstaclescattering is given in [17],Theorem1. For the sake of
completenesswe present herea sketch of the proof following exactly the lines
of Theorem1 in [17].
First by Rellich's lemmafrom the coincidenceof the far �eld patterns it follows
that the corresponding scatteredwavescoincidesin G = R3 n (� 1 [ � 2). Next
we considerthe electric �eld of the electric dipole E i

e(x; z; p) given by

E i
e(x; z; p) =

i
k

curlx curlx p�( x; z)

with �( x; z) given by (14). Let E s
e;1(�; z; p) and E s

e;2(�; z; p) be the scattered
electric �elds corresponding to the scattering of E i

e(x; z; p) by � 1 and � 2, re-
spectively. We can conclude(see[12], [17], [19]) that

E s
e;1(x; z; p) = E s

e;2(x; z; p)

for all x; z 2 G and all polarizations p.
Now assumethat � 1 6= � 2. Then we can �nd a x � 2 � 1 and x � =2 � 2 such that
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� (x � ) is de�ned, and considerzn = x � + 1
n � (x � ) 2 G. Then in view of well-

posednessof the direct scatteringproblem for � 2 with boundary condition B2,
on onehand we obtain that

lim
n!1

kB1(E s
e;2(x; zn ; p))kX 1 = lim

n!1
kB1(E s

e;2(x; x� ; p))kX 1

where X 1 is the boundary data spacecorresponding to � 1 with boundary
condition B1. On the other hand we �nd that

lim
n!1

kB1(E s
e;2(x; zn ; p))kX 1 = lim

n!1
kB1(E s

e;1(x; zn ; p))kX 1 = 1

becausethe boundary condition of E s
e;1(x; zn ; p) are given in terms of the elec-

tric dipole and the tracesof E i
e(x; x � ; p) on � 1 do not belongto the boundary

data spacedueto the singularity at z = x � . Wehave arrivedat a contradiction
and hence� 1 = � 2.

Our main concern in this paper is with presenting an algorithm to recon-
struct the screenfrom the above (measured)data. To this end we will usethe
linear samplingmethod aswas donein [7] for the scalarcase.

3.1 The linear samplingmethod

The electric far �eld pattern de�nes the electric far �eld operator F : L 2
t (
) !

L2
t (
) by

(F g)( x̂) :=
Z




E1 (x̂; d;g(d))ds(d); x̂ 2 
 ; (17)

for g 2 L2
t (
). Note that by superposition F g is the electric far �eld pattern

of (MSP) corresponding to the electromagneticHerglotz pair with kernel ik g
as incident �eld. We considerthe far �eld equation

(F g)( x̂) = E e
1 (x̂) x̂ 2 
 (18)

whereE e
1 is the far �eld pattern of a suitable (to be de�ned later) radiating

solution to Maxwell's equations.The main idea is to characterizethe screen
� by the behavior of an approximate solution g of the far �eld equation (18).
To understandthe far �eld operator better we considerthe operator S which
maps the data (f ; h) 2 Y(�) � L 2

t (�) to the far �eld pattern of the radiating
solution to the corresponding scattering problem (10). HenceF and S are
related through the following relation

(F g) = � ik S(Hg) (19)
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whereH is given by (13).

Lemma 3.2 The linear operator S : Y(�) � L 2
t (�) ! L2

t (
) is injective,
bounded, compact and has denserange.

Pro of. The injectivit y follows from the uniquenessof the scattering problem
and Rellich's lemma whereas(11) and the fact that the far �eld pattern de-
pendscontinuosly on the scattered�eld imply that S is bounded.
Furthermore S can be seenas the composition of the boundedoperator that
takes the boundary data to the scatteredsolution on a large sphere@BR of
radius R and the compact operator (see[12], Theorem 6.8) that maps data
on @BR to the corresponding far �eld. HenceS is compact.
Next we prove that the rangeof S is dense.To this end we considerthe dual
operator S> : L2

t (
) ! Y 0(�) � L2
t (�)

hS(f ; h); gi L 2
t (
) ;L 2

t (
) =
D
(f ; h); S> g

E
:

From [12], Theorem6.8, we obtain that

S(f ; h) := E1 =
ik
4�

x̂ �
Z

�

�

[� � E s] +
1
ik

[� � curl E s] � x̂
�

e� ik x̂ �yds;

where E s 2 X loc(De; �) is the electric scattered �eld corresponding to the
boundary data (f ; h) and [u] denotesthe jump u+ � u� of u across�. Hence
by changing the order of integration we can write

hS(f ; h); gi =
ik
4�

Z

�

Z




e� ik x̂ �y
�

[x̂ � (� � E s)] � g(x̂) (20)

+
1
ik

x̂ � [� � curl E s] � x̂ � g(x̂)
�

ds(x̂) ds:

Let

Eg(y) :=
Z




g(x̂)e� ik x̂ �y ds(x̂)

denote the electric Herglotz wave function with kernel g 2 L 2
t (
). Simple

calculationsshow that

curly Eg(y) = ik
Z




(g(x̂) � x̂)e� ik x̂ �y ds(x̂)

curly curly Eg(y) = k2
Z




(x̂ � (g(x̂) � x̂))e� ik x̂ �y ds(x̂):
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By using the fact that curl curl Eg = k2Eg we can rewrite (20) as

hS(f ; h); gi =
1

4�

Z

�

[� � E s] � curl Eg + [� � curl E s] � Eg ds: (21)

Note that the jump of [� � E ] and [� � curl E s] are supported in � and can be

extendedby zeroto functions in H
1
2
div (@D) and H

1
2
cur l (@D), respectively, where

again @D is a closedsurfacecontaining � and enclosingthe domain D. Now
let ~E 2 X loc(De; �) be the solution of the (10) with boundary data


 �
T

~E = 
 T Eg on � (22)

� � curl ~E + � i�
 +
T E = � � curl Eg � i�
 T Eg on � :

Using the boundary relations (22), we obtain

hS(f ; h); gi = �
1

4�

Z

� �

(� � E s) � curl Eg + (� � curl E s) � ~E ds (23)

+
1

4�

Z

� +

(� � E s) � [curl ~E + i� (� � ~E)] � i� (� � E s) � (� � Eg)ds

+
1

4�

Z

� +

(� � curl E s) � Eg ds

wherefor simplicity � � and � + indicates the negative and positive boundary
traces,respectively. Using the relation
Z

� +

(� � curl E s)� ~Eds+
Z

� �

(� � curl ~E)�E sds =
Z

� �

(� � curl ~E)�E sds+
Z

� +

(� � curl E s)� ~Eds;

(which is obtainedby applying Green'sformula in D and R3nD usingthe con-
tinuity of the tangential components of E s; ~E across@D n�), and rearranging
the terms we have

hS(f ; h); gi =
1

4�

Z

� �

(� � E s) � (curl Eg � curl ~E) ds

+
1

4�

Z

� +

[� � curl E s � i� (� � E s) � � ] � (Eg � ~E) ds:

Finally the boundary condition for E s implies

hS(f ; h); gi =
1

4�

Z

�

f � (� � curl ~E � � � � curl E �
g ) ds

14



+
1

4�

Z

�

h � (
 +
T Eg � ~
 +

T E) ds:

Hence

4� S> g =

8
>>>>><

>>>>>:

(� � curl ~E � � � � curl E �
g ) 2 Y(�) 0

(
 +
T Eg � 
 +

T
~E) 2 L2

t (�)

(24)

Let now S> g � 0. Then (24) and (22) imply that � � ( ~E � Eg)� = 0 and
� � (curl ~E � curl Eg)� = 0. But since ~E is a radiating solution while Eg is an
entire solution, we now seethat Eg must be identically zerowhich canhappen
only if the kernelg � 0. Hence,S> is injective which implies that S hasdense
range,which end the proof of the lemma.

Note that the caseof perfectly conducting screensthe above proof works if
and only if there does not exist an electromagneticHerglotz pair such that
the tangential component of the electric �eld vanisheson �. This condition is
observed by Kress in [18] in the scalarcaseand in [6] in the vector case.

The following lemma will help us to choose the right hand side of the far
�eld equation (18) appropriately.

Lemma 3.3 For any opensurface L and two tangential �elds � L ; � L 2
�
C1

comp(L)
� 3

we de�ne E L
1 2 L2

t (
) by

E L
1 (x̂) := x̂ �

0

@
Z

L

� L (y) e� ik x̂�ydsy + x̂ �
Z

L

� L (y)e� ik x̂�ydsy

1

A � x̂: (25)

Then, E L
1 (x̂) 2 Range(S) if and only if L � � .

Pro of. First assumethat L � � and let � L ; � L be two C1 tangential �elds,
i.e. � � � L = � � � L = 0, with support contained in L. Again we considera closed
boundary @D that contains �. We notice that (25) is the far �eld pattern of
the potential V de�ned by

V(x) :=
1
k2

curl curl
Z

L

� L (y)�( x; y)dsy +
i
k

curl
Z

L

� L (y)�( x; y)dsy:

Since the extensions ~� L and ~� L of � L and � L , respectively, by zero to the
whole boundary @D are C1 functions we have that V 2 X loc(curl; R3 n �)
and satis�es curl curl V � k2V = 0. Moreover, using the jump relations of the
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vector potentials across@D, we have that V satis�es the following boundary
conditions on �

f : = 
 �
T V = �

i
2k

~� L � � +
1
k2

(A � ~� L ) +
i
k

(B � ~� L ) 2 Y(�)

h : =
�
� � curl V + � i�
 +

T V
�

=
1
2

~� L +
�
2k

~� L � � + � � (B + ~� L )

+
i
k

� � (A+ ~� L ) �
i�
k2

(A+ ~� L ) +
�
k

(B � ~� L ) 2 L2
t (�)

wherethe boundary operator A and B are given by

(A � � )(x) = 
 �
T curl curl

Z

@D

� (y)�( x; y)dsy

(B � � )(x) = 
 �
T curl

Z

@D

� (y)�( x; y)dsy; x 2 @D:

For the mapping propertiesof A and B seee.g.[20].HenceE L
1 is in the range

of S.
Now let S 6� � and assume,on the contrary, that E S

1 (x̂) 2 Range(S), i.e.
there exists f 2 Y(�) and h 2 L 2

t (�) such that E L
1 (x̂) = E s

1 where E s
1 is

the far �eld pattern of the radiating solution E s to (10) corresponding to the
boundary data f ; h. Henceby Rellich's lemma and the unique continuation
principle we have that E s(x) and

V(x) :=
1
k2

curl curl
Z

L

� L (y)�( x; y)dsy +
i
k

curl
Z

L

� S(y)�( x; y)dsy

coincidefor x 2 IR3 n(� [ L). Now let x0 2 L, x0 =2 �, and let B � (x0) bea small
ball with center at x0 such that B � (x0) \ � = ; . HenceE s is analytic in B � (x0)
while V hasa singularity at x0 which is a contradiction. This provesthe lemma.

SinceE L
1 =2 RangeS in the casewhen L 6� �, by applying the regularization

techniques[12] to the compactand injective operator S with denserange,we
have the following result:

Lemma 3.4 Consider the equation

S(f ; h) = E L
1 ; (f ; h) 2 Y(�) � L2

t (�)

and let L 6� � . Then for every � > 0 there exists (f � ; h� ) depending on the
regularization parameter � > 0 suchthat

kS(f � ; h� ) � E L
1 kL 2

t (
) < �
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and
lim
� ! 0

k(f � ; h� )kY (�) � L 2
t (�) = 1 :

Note that in the above lemma � ! 0 as � ! 0.

We have now all the ingredients to prove the main theoretical result of this
paper. Let us denoteby W the set of piecewisesmooth open surfacesL and
considerthe far �eld equation

(F g)( x̂) = E L
1 (x̂) L 2 W: (26)

We remark that there are other possiblechoicesfor the function on the right
hand side of (26). The criteria for choosing it is to characterizethe screen�
from whether or not the right hand sideof (26) is in the rangeof S. Combin-
ing Lemma 3.3 and Lemma 3.4, using the factorization (19) of the far �eld
operator F and the fact that any pair (f ; g) 2 Y(�) � L 2

t (�) can be approx-
imated arbitrarily closelyby Hg with g 2 L 2

t (
) (Theorem) 2.5, and �nally
the continuity of the operator S we can prove the following main theorem.

Theorem 3.5 Assumethat � is a bounded, oriented, piecewisesmooth open
surface. Then if F is the far �eld operator corresponding to (MSP) we have
that

(1) if L � � then for every � > 0 there exists a solution gL
� 2 L2

t (
) of the
inequality

kF gL
� � E L

1 kL 2
t (
) < �:

(2) if L 6� � then for every� > 0 and � > 0 there existsa solution gL
�;� 2 L2

t (
)
of the inequality

kF gL
�;� � E L

1 kL 2
t (
) � � + �

suchthat

lim
� ! 0

kgL
�;� kL 2

t (
) = 1 and lim
� ! 0

kEgL
�;�

kH (cur l ;B R ) = 1

where EgL
�;�

is the electric part of the electromagneticHerglotz pair with

kernel gL
�;� .

In particular, if L � � we can �nd a boundedsolution to the far �eld equation
(26) with discrepancy� whereasif L 6� � then there existssolutionsof the far
�eld equation with discrepancy� + � with arbitrary large norm in the limit
as � ! 0. For numerical purposeswe need to replace E L

1 in the far �eld
equation (26) by an expressionindependent of L. To this end, we note that
as L degeneratesto a point z with � L , and � L an appropriate delta sequence
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we have that the integral in (25) approaches

ik
4�

h
(x̂ � q) � x̂e� ik x̂ �z + (x̂ � q)e� ik x̂ �z

i

whereq is a constant vector. Note that the �rst term is the electric far �eld of
an electric dipole and the secondterm is the magnetic far �eld of an electric
dipole. Roughly speaking the screen� will now be characterizedas the set of
points wherethe L 2

t norm of an approximate (regularized) solution of the far
�eld equation

(F g)( x̂) =
ik
4�

h
(x̂ � q) � x̂e� ik x̂ �z + (x̂ � q)e� ik x̂ �z

i
(27)

becomesvery large.

We end this sectionby remarking that, for sake of presentation, we have con-
sideredonly the casewhen one side of the screenis a perfect conductor and
the other side is coated.Exactly the sameanalysisholds true if the material
properties changeon the sameside as well. Note also that the samefar �eld
equation is solved to reconstruct perfectly conducting screens[6] or coated
(possibly partially!) obstacleswith non empty interior [5]. This enhancesthe
strength of the linear sampling method for solving the inverseobstaclescat-
tering problems,i.e. it doesnot rely on any a priori knowledgeof the geometry
or physical properties of the scatterer.

4 Numerical examples

The numerical examplesin this section are computed in the same way as
discussedin [10], [11]. The far �eld data is computed by solving the forward
problem using a �nite element code with meshre�nement near the edgesof
the screen.The far �eld data is then perturbed by random noiseand is usedin
the discreteversionof the far �eld equation(27). We usea uniform triangular
meshingof the unit sphere
 containing N = 42 verticesthat corresponds to
the directions of the incoming waves and the measurement points. All pre-
sented examplescorrespond to full aperture data. We useTikhonov regular-
ization and the Morozov discrepency principle to compute the regularization
parameter.We choosez on a uniform grid in the region we are sampling for
a scatterer. In all of our examplesa 51 � 51 � 51 uniform grid is used.The
noiselevel addedto the synthetic data is 1%. For details and other numerical
considerationsthe readeris referred to [10], [11].
An important parameteris the contour level at which we draw the iso-surface
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of the reconstruction.We de�ne

G(z) =
1
3

 
1

kg(�; z; q1)kL 2
t (
)

+
1

kg(�; z; q2)kL 2
t (
)

+
1

kg(�; z; q3)kL 2
t (
)

!

whereg(�; z; qi ), i = 1; 2; 3 is an approximate solution to the far �eld equation
(26) corresponding to the sourcepoint location z and polarization qi , i = 1; 2; 3
of the electric and magnetic dipole source.The iso-surfaceis then the set of
points z such that

G(z) = 0:5max
z

G(z)

where the factor 0:5 is chosento give the best results for a disk and then is
kept �xed for all our other numericalexamples.For interestingnumerical tests
regarding this issuein the caseof obstacleswith nonempty interior we refer
the readerto [10].
We consider three scatterers:a disc, two parallel squares(as an exampleof
disconnectedobjects) and two perpendicular squares(as an exampleof piece-
wise smooth surfaces).Numerical examplesfor perfectly conducting screens
can be found in [6].

4.1 Reconstruction of a disk

The exact geometry is presented in the left graph of Figure 1. The boundary
condition are mixed, namely the upper side is a dielectric while the lower
side is a perfect conductor. In this reconstruction k = 2 (the wavelength is
denotedby the bold line). As expected,the perfectly conductingsideis better
reconstructedcomparedto the dielectric side.

4.2 Reconstruction of two parallel squares

This exampleshown in Figure 2 demonstratesthat the linear samplingmethod
can easily reconstruct disconnectedobjects without knowing a priori how
many components there are or the boundary conditions on each component.
In particular, we allow impedanceboundary condition only on the upper side
of the lower square.One can clearly seethe e�ect of the coating in the re-
construction. The reconstructedperfectly conducting squareis much thinner
comparedto the mixed square.In this examplek = 3.
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Fig. 1. The exact and reconstructed disk.
The upper side satis�es the impedanceboundary condition with � = 2.
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Fig. 2. The exact and reconstructed squares.
The upper squareia a perfect conductor on both sides.The upper side of the lower
squaresatis�es the impedanceboundary condition with � = 2 while the other side
is a perfect conductor.

4.3 Reconstruction of two perpendicular squares

In Figure 4 are presented two examplesof reconstructions of a piecewise
smooth screen(the exact geometryis given in Figure 3) with di�erent bound-
ary conditions (as explained in the text for Figure 4). The edgeis sharply
captured in the caseof a perfectly conducting boundary condition while it is
rounded in the presenceof a coating. Here again k = 3.
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Fig. 3. The exact perpendicular squares.

Fig. 4. Two examplesof reconstructed perpendicular squares.
The screenin the left �gure is a perfect conductor. The screenin the right �gure
satis�es a perfectly conducting boundary condition on all sidesexcept for the inner
side of the vertical squarewhich satis�es the impedanceboundary condition with
� = 2.
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