THE EXISTENCE OF AN INFINITE DISCRETE SET OF
TRANSMISSION EIGENVALUES*
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Abstract. We prove the existence of an infinite discrete set of transmission eigenvalues cor-
responding to the scattering problem for isotropic and anisotropic inhomogeneous media for the
Helmholtz and Maxwell’s equations. Our discussion includes the case of the interior transmission
problem for an inhomogeneous medium with cavities, i.e. subregions with contrast zero.
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1. Introduction. The interior transmission problem arises in inverse scattering
theory for inhomogeneous media. It is a boundary value problem for a set of equations
defined in a bounded domain coinciding with the support of the scattering object. Of
particular interest is the spectrum associated with this boundary value problem, more
specifically the existence of eigenvalues which are called transmission eigenvalues. On
one hand, in the context of sampling methods for reconstructing the support of the
scatterer [2], [17], one needs to avoid those frequencies that correspond to transmission
eigenvalues, and hence it is important to know that the transmission eigenvalues form
a discrete set. On the other hand, one can use transmission eigenvalues to obtain
information about physical properties of the scattering object [1], [4], [6] and therefore
it is important to know whether they exist and to understand their connection with
the index of refraction. This application is based on the recent results in [3] which
justify the numerical observation that the transmission eigenvalues can be computed
from the far field data. Either way, the investigation of the spectral properties of the
interior transmission problem has become an interesting question in inverse scattering
theory.

The interior transmission problem was first introduced in [12] in connection with
an inverse scattering problem for acoustic waves. Roughly speaking, two main ap-
proaches are available in the study of the well-posedness of the interior transmission
problem, namely integral equation methods [10], [15], and variational methods [5],
[6], [8], [14]. Until recently the only known result on transmission eigenvalues was
the fact that they from at most a discrete set with infinity as the only possible accu-
mulation point. The first result about the existence of transmission eigenvalues was
announced in [18] for the case of the reduced wave equation in an isotropic inhomo-
geneous medium where it was shown that there exist a finite number of transmission
eigenvalues provided that the index of refraction is large enough. This paper was
soon followed by [9], [16] where the same result was proven for anisotropic media and
Maxwell’s equations. Subsequently the difficult case of a medium with cavities, i.e.
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regions with zero contrast, was investigated in [5]. We refer the reader to [13] for a
comprehensive review on the interior transmission problem. Further progress on the
question of the existence of transmission eigenvalues was recently made in [7] where
the assumption on the size of the index of refraction was removed and for the case of
medium with constant index of refraction it was proven that there exists an infinite
discrete set of transmission eigenvalues.

In this paper we will extend the ideas of [7] to show that there exist an infinite
discrete set of transmission eigenvalues for inhomogeneous isotropic and anisotropic
media for both the Helmholtz and Maxwell’s equations including the case of media
with cavities. The only assumption we impose is that the index of refraction is
less then or greater than the index of refraction of the background medium. Our
proof employees the analytical framework developed in [6] and [9] and makes use of
transmission eigenvalues for balls with constant index of refraction first used in [7].
We will also provide lower and upper bounds for the first transmission eigenvalue.

The plan of our paper is as follows. Having set up the analytic framework, we first
show the existence of infinitely many transmission eigenvalues and lower and upper
bounds for the first transmission eigenvalue for the case of isotropic inhomogeneous
media for the Helmholtz equation. Then in Section 2.3 we provide similar results for
the case of anisotropic media for both the Helmholtz and Maxwell’s equations. Finally,
we discuss the case of media with voids, i.e. with subregions with zero contrast,
for which we also prove the existence of infinitely many transmission eigenvalues.
Of potential use in non-destractive testing [1] is a new upper bound for the first
transmission eigenvalue provided by our analysis.

Although, the results of this paper provide an important step forward in under-
standing the spectral properties of the interior transmission problem, many questions
still remain. We think that some interesting open problems in this direction are the
existence of transmission eigenvalues for the case of media with contrast partly pos-
itive and partly negative, the existence of complex transmission eigenvalues and the
completeness of the eigensystem of the interior transmission problem.

2. The existence of an infinite set of transmission eigenvalues. We con-
sider the interior transmission eigenvalue problem corresponding to the scattering
problem for inhomogneous isotropic and anisotropic media for the Helmholtz equa-
tion as well as for the Maxwell’s equations. Our goal is to prove the existence of
infinitely many transmission eigenvalues and provide some estimates for these trans-
mission eigenvalues. Throughout this section, D C R?, d = 2,3 is a bounded simply
connected region with piece-wise smooth boundary 0D and v denotes the outward
normal vector to dD.

2.1. Abstract analytical framework. The interior transmission eigenvalue
problems we discuss in this paper can be described by the following abstract analytical
framework which is introduced in [9]. In particular, let U be a separable Hilbert space
with scalar product (-,-), A be a bounded, positive definite and self-adjoint operator
on U and let B be a non negative, self-adjoint and compact bounded linear operator
on U. Then there exists an increasing sequence of positive real numbers (A;);>1 and
a sequence (u;);>1 of elements of U such that Au; = A\;Bu;. The sequence (u;);>1
forms a basis of (Aker(B))" and if ker(B)* has infinite dimension then \; — +o0 as
j — oo (see Theorem 2.1 in [9]). Furthermore these eigenvalues satisfy a min-max
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principle (see Corollary 2.1 [9]), namely

. (Au, u)
A= 2.1
J I/II}ICIBJ (uenv%/a\)fo} (Bu, u) (2.1)

where U; denotes the set of all j dimensional subspaces W of U such that WNker(B) =
{0}. These eigenvalues can be ordered in the increasing order, i.e. A} < Ag < ...

Let 7 — A, be a continuous mapping from ]0, oo[ to the set of self-adjoint and
positive definite bounded linear operators on U and consider the generalized eigenvalue
problem

Aru—Xj(T)Bu =0, ue U (2.2)

Obviously from (2.1) we have that \;(7) for every j € N is a continuous function of
7 in ]0,00[. The following theorem proved in [9] provides the fundamental tool in
proving the existence of transmission eigenvalues.

THEOREM 2.1. Let 7 — A, be a continuous mapping from ]0,00] to the set of
self-adjoint and positive definite bounded linear operators on U and let B be a self-
adjoint and non negative compact bounded linear operator on U. We assume that
there exists two positive constant 79 > 0 and 71 > 0 such that

1. A, — 1B s positive on U,

2. A, — 1B is non positive on a m dimensional subspace of U.
Then each of the equations A\;j(t) = T for j = 1,...,m, has at least one solution in
[70, 71] where \;(7) is the j'* eigenvalue (counting multiplicity) of A, with respect to
B, i.e. ker (A; — \;(7)B) # {0}.

2.2. The scalar isotropic media. The interior transmission eigenvalue prob-

lem corresponding to the scattering problem for an isotropic inhomogenous medium
in R?, d = 2,3 reads:

Aw+E*n(z)w=0 in D (2.3)
Av+k*v=0 in D (2.4)
w=wv on 0D (2.5)

ow Ov

for w € L?(D) and v € L?(D) such that w — v € H3(D) where

Hg(D):{uEHZ(D):uzo and %:0 on 8D}.

Here we assume that the positive real valued function n is such that n(z) > a > 0
almost everywhere in D, n € L*°(D) and 1/|n — 1| € L°°(D). Note that these
assumptions are relevant form physical point of view (see the last section for the case
of media with voids, i.e. where n =1 in parts of D).

DEFINITION 2.2. Values of & > 0 for which the homogeneous interior transmission
problem (2.3)-(2.6) has nonzero solutions w € L?(D) and v € L?(D) such that w—v €
HZ(D), are called transmission eigenvalues. If k > 0 is a transmission eigenvalue, we
call u = w — v the corresponding eigenfunction, where w and v is a non zero solution
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of (2.3)-(2.6). Tt is possible to write (2.3)-(2.6) as an equivalent eigenvalue problem
for u = w — v € HZ(D) for the following fourth order equation

(A +En) (A+E)u=0 (2.7)

n—1

which in variational form is formulated as finding a function u € HZ(D) such that

1
/ 1 (Au + k*u) (AT + k*no) dz = 0 for all v € HZ(D). (2.8)
7 —
D
Following [9] we set 7 := k% and define the following bounded sesquilinear forms on

HZ(D) x H2(D):

A (u,v) = (nil(Au + 7u), (Av+ T’U))D + 72 (u, v) (2.9)

(Au + mnu), (Av + TﬂU)) . + 72 (nu, v) (2.10)

— <17_ln(Au + 7u), (Av + m))D + (Au, Av)j,

and
B(u,v) = (Vu, Vov) (2.11)

where (-, -), denotes the L?(D) inner product. Using the Riesz representation theo-

rem we now define the bounded linear operators A, : HZ(D) — HZ(D), A, : H3(D) —
HZ(D) and B : H3(D) — HZ(D) by

(ATu,v)HQ(D) = A, (u,v), (ATU,U>H2(D) = /IT(u,v) and (Bu, U)HQ(D) = B(u,v).
(2.12)
In terms of these operators we can rewrite (2.8) as
(Aru = 7Bu, ) g2 py =0 or (ATu — 7Bu, 11) o 0 for all v € H3 (D).
(2.13)

The following result is proven in [9]. .
LEMMA 2.3. The operators A, : H3(D) — HZ(D), A, : H3(D) — HZ(D),
7> 0 and B : H3(D) — HZ(D) are self-adjoint. If for some constant v > 0 and for

almost all x € D, W > v > 0 then A, is a positive definite operator, whereas if
1?;””()96) > v > 0 then A, isa positive definite operator. In addition, B is a positive

compact operator.

Obviously, A, and A, depend continuously on 7 € (0, +00). From the above
discussion, k > 0 is a transmission eigenvalue if for 7 = k? the kernel of the operator
A, —7B (if 1/(n—1) >~ > 0) and the kernel of the operator A, — 7B (if n/(1—n) >
~v > 0) is non trivial. In order to analyze the kernel of these operators we consider
the auxiliary eigenvalue problems

Au—ANT)Bu=0 weH3D) if 1/(n—1)>v>0 (2.14)
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and

Au—ANr)Bu=0 weHZD) if n/(1-n)>~vy>0. (2.15)

Thus, a transmission eigenvalue k > 0 is such that 7 := k? solves A\(1) — 7 = 0 where
A(T) is an eigenvalue corresponding to (2.14) or (2.15) in respective cases. Our goal
is now to use Theorem 2.1 to prove the existence of an infinite set of transmission
eigenvalues. To this end, we first recall another result proven [9]. Let A;(D) be the
first Dirichlet oigcnvalue for —A in D.

LeEmwMmaA 2.4. If 7 > > 0 for some constant v > 0 and for almost all x € D,
then

n(r

A (D
(Ayu — TBu,u) e > allul|3 >0 forall 0<71< (D) and u € HG (D).
supp(n)

If 1”n($) > v > 0 for some constant v > 0 and for almost all x € D, then

(ATU - TIB%u,u)H2 > allul|32 >0 forall 0<7<M(D) and wu€ HZ(D).

REMARK 2.1. The multiplicity of transmission eigenvalues is finite since, if kg is a
transmission eigenvalue, then the kernel of I — TOAT_Ol/QIB%A:l/Q or I — AT_OUQ]BA_Uz
where 7o := k2 is finite since the operators TQA;Ol/ 2]BA;01/ % and TOA 1/ BA, 1/ 2
compact and self-adjoint (if 1/(n—1) > v > 0) and (if n/(1—n) > v > O), respectlvely
[19].  (Here A~'/2 is defined by A=1/2 = I A\~1/2dE, where dE) is the spectral
measure associated with the positive operator A.)

Now let us consider the interior transmission problem corresponding to a ball Bg
of radius R centered at zero with constant index of refraction ng > 0 such that ng # 1,
ie.

Aw+k*ngw=0 in Bg (2.16)
Av+k*v=0 in Bpg (2.17)
w=v on O0Bgr (2.18)
ow  Ov
— = B 2.1
% — 95 " OBRr (2.19)

By a separation of variables technique, it is possible to show [13] (see also [11]) that
(2.16)-(2.19) has a countable discrete set of eigenvalues. Let kg ,, be the first trans-
mission eigenvalue corresponding to Br and ng. Typically, this kg, is the first zero
of

L Jo(kR) J()(k TL()R) - .
W (k) = det< ST (kR) —V%Jg{’:/%R) > =0 in R? (2.20)

where Jj is the Bessel functions of order zero, and

_ Jo(kR) Jo(ky/noR) _ R
W(k:)det( —gg(kR) —\/%oja(k(\)/%R) ) =0 in RS (2.21)

where jo is the spherical Bessel function of order 0 (if the first zero of the above
determinants is not the first transmission eigenvalue, the latter will be a zero of a
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similar determinant corresponding to higher order of Bessel functions or spherical
Bessel functions). Let vBr:m0 and wBrm0 be a non zero solution of (2.16)-(2.19)
corresponding to kg n,, and denote by uBrm0 ;= wBrn — yBr1 the corresponding
eigenfunction. We have that u?#m ¢ H2(Bg) and

1
/ v— (AuPrmo 4 k%ﬁnOuBR’"O)(AHBR’"O + k%ﬁnonoﬂBRmo) dx = 0. (2.22)
0 —
Br

In the following we denote by n. = infp(n) and n* = supp(n).
THEOREM 2.5. Let n € L (D) satisfy either one of the following assumptions
1) 1+ a<n, <n(z)<n* < oo,
2) 0<n,<n(z)<n*<l-p.
for some positive constant o > 0 and 38 > 0. Then, there exists an infinite set of
transmission eigenvalues with +0o0 as the only accumulation point.

Proof. First we notice that based on the analytic Fredholm theory it is shown
[11], [13], [20] that, under assumption 1) or 2), the set of transmission eigenvalues is
at most discrete with 400 as the only possible accumulation point. In the following
we show that indeed there exists an infinite countable set of transmission eigenvalue.
First let us suppose that assumption 1) holds. This assumption also implies that

0< 1 < 1 < 1 <
0.
n*—1"n(x)—1" n,—1

Therefore, from Lemma 2.3, A, and B defined by (2.12) satisfy the requirement of
Theorem 2.1 with U = HZ(D) and from Lemma 2.4 they also satisfy the assumption
1) of Theorem 2.1 with 79 < A\(D)/n*. Next let k1 ,, be the first transmission
eigenvalue for the ball B of radius R = 1 and ng := n,. This transmission eigenvalue
is the first zero of (2.20) in R? or (2.21) in R3 for R := 1 and ng := n. (or possibly
similar determinants for higher order Bessel functions). By a scaling argument, it is
obvious that ke, := ki1, /€ is the first transmission eigenvalue corresponding to the
ball of radius € > 0 with index of refraction n.. Now, take ¢ > 0 small enough such

that D contains m := m(e) > 1 disjoint balls B!, B2... B™ of radius ¢, i.e. B! C D,
j=1..m and B! ﬂ?ﬁ = () for j # i. Surely, ke, := k1, /€ is the first transmission
cigenvalue for each of these balls with index of refraction n, and let u " € HZ(BY),
j = 1...m be the corresponding eigenfunction. The extension by zero @’ of uBim to
the whole D is obviously in H§(D) due to the zero conditions on B ,, . Furthermore,
the vectors {a!,@?, ... @™} are linearly independent and orthogonal in HZ(D) since
they have disjoint supports. Furthermore from (2.22) we have that

1 , L .
0= [ (A0 4 82, BT + 2 0l do (223
D
1 , , } ‘
:/ 1|Aﬂj+k3n @ |?de + k2, /W|2dx7k€2n /|vaﬂ\2d:c (2.24)
Ny — B Mx M
D D

for j = 1..m. Let us denote by U the n-dimensional subspace of HZ(D) spanned
by {a',@?,...@™}. Since each @, j = 1,...,m satisfies (2.23) and they have disjoint
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supports, we have that for 7 := kin* and for every u € U

1
(Ao — 7 Ba, ﬂ)Hg(D) :/E|Aﬂ+711]\2dx+712/\12|2dm—7'1/|V11|2dx
D D D

1
S/n _1|Aﬁ+T1ﬂ|2d:c+712/|11|2dx—Tl/\va\de:O, (2.25)
* 2 2

D

This means that the assumption 2) of Theorem 2.1 is also satisfied and therefore
we can conclude that there are m(e) transmission eigenvalues (counting multiplicity)
inside [9, ken,]. Note that m(e) and k. ,, both go to +oco as ¢ — 0. Since the
multiplicity of each eigenvalue is finite we have shown, by letting ¢ — 0 that there
exists a infinite countable set of transmission eigenvalues that accumulate to co.

Now, if the index of refraction is such that the assumption 2) holds, then we have
that

0<
1—-n, ~ 1—n(z) ~ 1-—n*

and therefore according to Lemma 2.3 and Lemma 2.4, A, and B, 7 >0 satisfy the
requirements and assumption 1) of Theorem 2.1 with U = HZ(D) for 79 < A\1(D). In
this case we can estimate

(ATU*TBU, u) :/L|Au+7u|2 d:c+/|Au|2d:ch/|Vu|2dx
HZ(D) 1—n
D D D
< / — *|Au+7u|2dx+/|Au|2dw—7/|Vu|2dx (2.26)
-n
D D D

Hence, the rest of the proof for checking the validity of assumption 2) of Theorem 2.1
goes exactly in the same way as for the previous case if one replaces n, by n*. O

REMARK 2.2. From the proof of Theorem 2.5 it follows that for every j € N the
equation A;(7) — 7 = 0 has at least one solution, where A;(7) is the j-th eigenvalue
of the auxiliary eigenvalue problem (2.14) or (2.15). Combining Theorem 2.5 with
the results of Corollary 3.1 in [7] we have the following estimates for transmission
eigenvalues. We call B,, the largest ball of radius r; such that B,, C D and B,, the
smallest ball of radius ro such that D C By. For a given 0 < € < 79, let m(e) € N
be the number of balls B, of radius € that are contained in D. We denote by ki ;.
and kj ,+ the first transmission eigenvalue corresponding to the ball B; of radius one
with the index of refraction n, and n*, respectively.

COROLLARY 2.6. Assume that n € L>(D).

1) If 1+ a <n, <n(z) <n* < oo, then

k1 n kin,
2 < kLD,n(m) < —
T2 1

0<

(2.27)

There are at least m(e€) transmission eigenvalues in the interval [klr—:*, ’“T"] .
2) If 0 < n, <n(z) <n*<1-70, then

k k1 ne
0< T <k pone) < 2 (2.28)
T2 1
There are at least m(e€) transmission eigenvalues in the interval {%, ’ﬁ%} .
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where, ki p n(z) 1 the first transmission eigenvalue corresponding to D and the given
index of refraction n(x). Note that in the case of the assumption 1) in the above
corollary we have that % < klr—: where recall that A;(D) is the first Dirichlet
eigenvalue for —A in D, whence we obtained an improved lower bound for the first
transmission eigenvalue. Indeed, from Lemma 2.4 applied to the ball of radius ro with
index of refraction n* we have that ki ,=/ra > A1(By,)/n* > A1 (D)/n*, where the
latter inequality is true by the monotonicity of the Dirichlet eigenvalue with respect
to the domain, i.e. A\1(B;,) > A1(D). For similar reasons, in the case of assumption
2) of the above corollary, we provide an improved lower bound, i.e. ki, /r2 > A1 (D).

2.3. The anisotropic inhomogeneous media. We now turn our attention to
the interior transmission eigenvalue problem corresponding to the scattering problem
for anisotropic media. We consider two problems, namely the interior transmission
problem for the anisotropic Maxwell’s equations, and the interior transmission prob-
lem for the anisotropic scalar equation. In the following we show that these eigenvalue
problems can be analyzed in the same way as the problem discussed in Section 2.2.

DEFINITION 2.7. A real valued d x d, d = 2,3 matriz function K € L>(D,R¥*?)
is said to be bounded positive definite on D if there exists a constant v > 0 such that
£-K&> v, for all € € C? and a.e. in D.

Problem 1: Anisotropic Mazwell’s equations: Let D C R? satisfy the assumptions
stated at the beginning of Section 2. In terms of electric fields the interior trans-
mission eigenvalue problem for anisotropic Maxwell’s equations (where the magnetic
permeability is assumed to be scalar and constant) is formulated as the problem of
finding two vector valued functions E and Eg satisfying

curlcwrlE - k¥*NE=0 in D (2.29)
curlcurlEg — k*Eg =0 in D (2.30)

Exv=Eyxv on 90D (2.31)
curlE x v =curlEg x v on 0D (2.32)

where N is a 3 X 3 matrix valued function defined on D with L>°(D) real valued
entries, i.e. N € L*(D,R3*3). To properly formulate this eigenvalue problem, we
consider the Hilbert spaces

H(curl, D) := {u € (L*(D))?: curlu € (L?(D))3},
Hy(curl,D) :={u€ H(curl,D): uxv=0o0n0D},

equipped with the scalar product (u, v)_,, = (u, v) ,+(curlu, curlv), where (-, -)
denotes the (L?(D))? scalar product and the corresponding norm ||| Next we
define

curl

U(D) :={ue H(curl,D) : curlu € H(curl, D)},
Up(D) :={u € Hy(curl, D) : curlu € Hy(curl, D)},

equipped with the scalar product (u, v),, = (u, v),,, + (curlu, curlv)_ , and the
corresponding norm ||-||,,. We further require that N, N=* and either (N —I)~! or
(I — N)~1 are bounded positive definite real matrix valued functions on D. Hence
a solution of (2.29)-(2.32) is such that E € (L*(D))3, Eg € (L*(D))? and E — Eq €
Ug(D). As it is shown in [9] and [14], (2.29)-(2.32) is equivalent to finding u =
E — Eq € Up(D) such that

(curl curl — k2N)(N — I)~!(curl curlu — k?u) = 0. (2.33)
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which in a variational form can be written as

/(N — I)"Y(curl curlu — k*u) - (curlcurl v — k*Nv) dz = 0 for all v € Uy (D).

? (2.34)

Problem 2: Anisotropic scalar equation: This problem can be stated in R? as well as in
R3. Hence the bounded region D € R?, d = 2, 3 satisfies the assumptions stated at the
beginning of Section 2. The interior transmission eigenvalue problem for anisotropic
scalar equations reads

V-AVw +k*w =0 in D (2.35)
Av+ kv =0 in D (2.36)
w=0v on 0D (2.37)
ow  Ov
where
ow
—(z) =v(z) - A(x)Vu(z), x € 0D. (2.39)
aVA
Letting N := AL, in terms of new vector valued functions
w=AVw, and v=Vv
the above problem can be written as (see [6] and [9] for details)
V(V-w)+k*Nw=0 in D (2.40)
V(V-v)+k?®=0 in D (2.41)
v-w=v-v on 0D (2.42)
V-w=V-v on 0D. (2.43)

Here the d x d, d = 2,3 matrix valued function N satisfies the same assumptions as

the 3 x 3 matrix N in Problem 1. The suitable spaces to analyze this problem are
H(div,D):={ue (L*(D))*: V-ue L*D)}, d=2,3
Hy(div,D):={ue H(div,D): v-u=0o0ndD}

and

H(D):={ue H(div,D): V-ue H(D)}
Ho(D) : = {u € Hy(div,D): V-ue€ Hj(D)}

equipped with the scalar product (w,v)ypy == (0, V)2p)y + (V-u, V- v)gip,
and corresponding norm || - |[. Hence, a solution u, v of the interior transmis-
sion eigenvalue problem (2.40)-(2.43) is such that u € (L?(D))4, v € (L?(D))?* and
w — v € Ho(D). Similarly, to the case of Problem 1, (2.40)-(2.43) has an equivalent
formulation as a fourth order differential equation for u:=w — v € Hy(D)

(VV-+k*N) (N —1)"" (VV -u+k*u) =0 in D (244)
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which can be written in the following variational form

/(N—I)—1 (VV-u+k*u) (VV-V+k*NV) de =0  for all v € Ho(D). (2.45)
D

We note that (2.34) and (2.45) have the same structure, where the operators (curl curl )
and (VV-) together with corresponding traces are swapped.

DEFINITION 2.8. Transmission eigenvalues corresponding to the Problem 1 (resp.
Problem 2) are the values of £ > 0 for which the homogeneous interior transmission
problem (2.29)-(2.32) (resp. (2.40)-(2.43)) has nonzero solutions w € L?(D) and
v € L*(D) such that w — v is in Up(D) (resp. Ho(D)). This solution u := w — v
is called a corresponding eigenfunction. Both eigenvalue problems (2.34) and (2.45)
can be written as an operator equation

Aru—71Bu=0 and Aru—71Bu=0, for ues, (2.46)

where S stands for Uy (D) if Problem 1 is considered and for Hy(D) if Problem 2 is
considered. Here, the bounded linear operators operators A; : S — S, A, : S — S
and B : S — S are the operators defined using Riesz representation theorem (i.e.
defined by (2.12) where HZ(D) is replaced by S) associated with the sesquilinear
forms A,, A and B which in the case of Problem 1 are defined by (see [14] for more
details)

Ar(u,v) = ((N = I)"!(curlcurlu — 7u), (curlcurlv — ™)), + % (u, v)p (2.47)

A (u,v): = (N(I — N) !(curlcurlu — 7u), (curlcurlv — ™)), (2.48)
+ (curlcurlu, curlcurlv) ,
and
B(u,v) := (curlu, curlv) (2.49)

respectively, where (-, -);, denotes the L?(D)-inner product, whereas in the case of
Problem 2

A (u,v):= (N-1)""(VV-u+ru),(VV- v+ ™)), + % (u,v) (2.50)

Ar(u,v) 1= (NI —=N)""(VV-u+ru),(VV-v+7v)), (2.51)
+(VV-u,VV-v),
and
B(u,v):=(V-u,V-v),, (2.52)
respectively.

The properties of these operators are studied in [6], [9] and [14]. Let o.(x) > 0
and o*(x) > 0 be the smallest and the largest eigenvalue, respectively, of the positive
definite symmetric d x d, d = 2,3 matrix N. Recall that the largest eigenvalue o*(x)

which coincides with the Euclidean norm || N (x)||2 is given by by o*(z) = sup¢ =1 (§-
N(z) &) and the smallest eigenvalue o, (x) is given by 0. (z) = inf|¢j=1 ({- N(z) £). In
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the following we denote by n* = supp o*(z) and n. = infp o, (). Again, let A\;(D)
be the Dirichlet eigenvalue for —A in D. The following lemma is proven in [6],[9] and
[14].

LEMMA 2.9. Let S stands for Uy(D) if Problem 1 is considered and for Ho(D) if
Problem 2 is considered. The operators A, : S — S, A, : S —>8,7>0andB:S — S
are self-adjoint. Furthermore, B is a positive compact operator. If (N — )™t is a
bounded positive definite matriz function on D (Definition 2.7), then A, is a positive
definite operator and

A1 (D)

(Aru—7Bu,u)g > allul|s >0 for all O<T<T and u€S.

If N(I — N)7! is a bounded positive definite matriz function on D, then A, is a
positive definite operator and

(ATU - TBU,U)S > allul| >0 for all 0<7<M(D) and uwesS.

Note that the kernel of B : Uy(D) — Up(D) is given by
Kernel(B) = {u € Uy(D) such that u:= Ve, p € H' (D)},
whereas the kernel of B : Hy(D) — Ho(D) is given by
Kernel(B) = {u € Ho(D) such that u:=curlyp, ¢ € H(curl, D)}.

To carry over the approach of Section 2.2 to the eigenvalue problems for anisotropic
medium, namely Problem 1 and Problem 2, we also need to consider the corresponding
interior transmission eigenvalue problems for a ball with constant index of refraction.
To this end, let Br € R? be a ball of radius R centered at the origin and ng > 0 a
constant different from one. In [11] it is shown, by using separation of variables, that

curlcurlw — k*ngw =0 in  Bg (2.53)
curlcurlv — k*v=0 in Bg (2.54)
wxv=vxv on 0Bg (2.55)

curlw x v =curlv xv on 0Bp (2.56)

has a countable discrete set of eigenvalues. Let us denote by kg p, the first transmis-
sion eigenvalue which as for (2.16)-(2.19) is zero of a determinant similar to (2.21)
involving spherical Bessel functions of the variable kR and of order greater or equal
to one (see e.g. [11] page 263). Let uPrm0 = wBr:no _ yBr:m0 he the eigenfunction
corresponding to kg ,,. We have that ubrm ¢ Uy (Br) and

1 - -
/ (curlcurlu®mmo — k2, aPmm0). (cwrl curla?m ™ — k3, ,, nou?7™0) dz = 0.
ng — ’ )

Br

(2.57)
Similarly, for Problem 2, we denote by kg, the first transmission eigenvalue of
Aw+ k*ngw =0 in Bg (2.58)
Av+k*v=0 in Bg (2.59)
w=v on O0Bgr (2.60)
10 0
) (2.61)

no v v
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where here Bp is a two or three dimensional ball of radius R [6] (this problem also have
infinitely many eigenvalues). The corresponding eigenfunction u?zm0 = nyVwBr:mo —
VoBrmo is in Ho(Bgr), where wBrmo ¢yBrmo i a nonzero solution to (2.58)-(2.61).
Furthermore we have that

/ ! : (VV-uPrrop kg, aPrnro) (Vv.almre 4k nealn ™) de = 0. (2.62)
Br "o

By definition, the eigenvectors uP®"0 for (2.53)-(2.56) and (2.53)-(2.56) are not in
the kernel of B : Uy(D) — Up(D) and B : Ho(D) — Ho(D), respectively. Finally, if
Bgr C D then the extension by zero @ of eigenvectors u®® "0 for (2.53)-(2.56) and
(2.53)-(2.56) to the whole D is in Uy(D) and Ho(D), respectively.

The above discussion provides all the necessary ingredients to apply Theorem 2.1
to (2.46) in order to prove the existence of an infinite discrete set of transmission
eigenvalues for both, Problem 1 and Problem 2. The following theorem can now be
proven exactly in the same way as Theorem 2.5.

THEOREM 2.10. Assume that N € L>(D,R%*%), d = 2,3, satisfies either one of
the following assumptions

H14+a<n, <€ Nx)¢) <n* <oo,

2) 0<n, <(6-N(z)¢) <n* <1-p4.
for every € € C¢ such that ||€|| = 1, and some positive constants a > 0 and 3 > 0.
Then both, Problem 1 and Problem 2 have an infinite countable set of transmission
eigenvalues with +00 as the only accumulation point.

The tools developed in this section, also enable us to generalize the result of Corol-
lary 3.1 in [7] in a straightforward manner to both interior transmission eigenvalue
problems for anisotropic media. Then the obtained result combined with Theorem
2.10 yield the following estimates for transmission eigenvalues.

Let again B,, be the largest ball of radius r; such that B,, C D and B,, be the
smallest ball of radius ro such that D C By. For a given 0 < € < 79, let m(e) € N be
the number of balls B, of radius e that are contained in D. We denote by k; ,,, and
k1 n+ the first transmission eigenvalue of either (2.53)-(2.56) or (2.58)-(2.61) for the
ball B; of radius one with index of refraction n, and n*, respectively.

COROLLARY 2.11. Assume that N € L>®(D,R**%), d = 2,3 and let k1,p,N()
be the first transmission eigenvalue for either Problem 1 (2.29)-(2.32) or Problem 2
(2.29)-(2.52).

1) Ifl4+a<n, < (£ N(z)€) <n* < oo for every £ € C? such that ||£]| = 1,
and some constant o > 0, then
kl,n*

k1
0< —" <kipnN@ < —.
T2 1

(2.63)

Both, Problem 1 and Problem 2 have at least m(e€) transmission eigenvalues
kl,n*}

<n* < 1—8 for every &€ € C? such that ||€]|, d = 2,3
0, then

kl,n*
r )

i the interval [

2) If 0 < n, < (£-N(2)€)
and some constant 3 >

k k1 e
0< —hm < k1.p.N@) < Ln
T2 1

(2.64)

Both, Problem 1 and Problem 2 have at least m(e) transmission eigenvalues

kl,n* kl,n* :|

in the interval [ ,
T2 €
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3. The case of inhomogeneous media with cavities. Motivated by recent
application of transmission eigenvalues in detecting presence of cavities inside dielec-
tric materials [1], we now want to show that there are infinitely many transmission
eigenvalues for the case of inhomogeneous dielectric media with cavities, i.e. inhomo-
geneous media D with regions Dy C D where the index of refraction is the same as
of the background medium. More precisely, inside D we consider a region Dy C D
which can possibly be multiply connected such that R?\ Dy, d = 2,3 is connected
and assume that its boundary 0Dg is piece-wise smooth. We denote by v the unit
outward normal to D and 0Dy. Now we consider the interior transmission eigen-
value problem (2.3)-(2.6) with n € L>°(D) a real valued function such that n > ¢ > 0,
n = 1in Dy and |n — 1| > ¢ > 0 almost everywhere in D \ Dy. Hence now we
have 1/|n — 1| € L>=(D \ D). The interior transmission problem for inhomogeneous
medium with cavities is investigated in [5]. To prove our result we need to recall the
analytical framework developed in [5]. To this end, we introduce the following Hilbert
space

V(D, Dy, k) := {u € H*(D) such that Au + k*u = 0 in Dy}

equipped with the H?(D) scalar product and look for the solution v and w both in
L?(D) such that u = w — v in V(D, Dy, k). It is shown in [5] that (2.3)-(2.6) with n
satisfying the above assumption, can be written in the variation form as

/ _ ! (A+ k) u (A+k2)¢7dx+k2/  (Au+kPu)Yde=0  (3.1)
D\Do, ' — 1 D\Dy
which is required to be valid for all ¢ € V(D, Dy, k).

DEFINITION 3.1. Values of k > 0 for which (3.1) has nontrivial solutions u €
Vo(D, Do, k) are called transmission eigenvalues. These nontrivial solutions are called
corresponding eigenfunctions.

It is important to note that, as it is discussed in [5], if k2 is not both a Dirichlet and
a Neumann eigenvalue for —A in Dy, then Definition 3.1 of transmission eigenvalues is
equivalent to the existence of a nontrivial weak solution to (2.3)-(2.6). However, if for
a k there exists a nontrivial solution to (2.3)-(2.6) then k is a transmission eigenvalue
according to Definition 3.1.

Next, let us define the following bounded sesquilinear forms on Vo(D, Dy, k) %
%(D7 DO) k)

Alu, ) = :I:/ (Aulp + Vu - Vi +u) do (3.2)

D\Do ™" —

+/ (Vu- VG +uf) de
Do

and
Br(u, ) = ik2/ - (u(AiZ + k%ﬁ) + (Au+ k2nu)zﬁ) dx (3.3)
D\ Dy n—1
1 _ _ _ _
:F/D\Do 1 (Vu.Veruw) d:v/DO (vu.vw+ur¢)) dz

where the upper sign corresponds to the case when n —1 > ¢ > 0 almost everywhere
in D\ Do whereas the lower sign corresponds to the case when 1 —n > ¢ > 0
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almost everywhere in D\ Dy. Hence k is a transmission eigenvalue if and only if
the homogeneous problem

A(ug, ) + Bi(ug, ) = 0 for all ¢ € Vo (D, Dy, k) (3.4)

has nonzero solution. Let Ay : V/(D, Dy, k) — V (D, Dy, k) and By, be the self-adjoint
operators associated with A and By, respectively, by using the Riesz representation
theorem. In [5] it is shown that the operator Ay : V(D, Dy, k) — V(D, Do, k) is
positive definite, therefore A,;l : V(D, Dy, k) — V (D, Dy, k) exists and the operator

By, : V(D, Dy, k) — V(D, Dy, k) is compact. Hence we can define the operator A,:l/z

by A7 = [ A"Y2dE, where dE) is the spectral measure associated with the

positive operator A,:l. In particular, A;l/ % is also bounded, positive definite and
self-adjoint. Thus we have that (2.44) is equivalent to finding u € V(D, Dy, k) such
that

u+ AP BRA Pu =, (3.5)

In particular, it is obvious that k is a transmission eigenvalue if and only if the operator
—-1/2 —1/2

In+ A, '"ByA, " :V(D, Dy, k) — V(D, Do, k) (3.6)

has a nontrivial kernel where Iy is the identity operator on V (D, Dg, k). To avoid
dealing with function spaces depending on k we introduce the orthogonal projec-
tion oprator Py from HZ(D) onto V (D, Dy, k) and the corresponding injection Ry, :
V(D,Dg,k) — HZ(D). Then one easily sees that A;1/2BkA,Zl/2 is injective on
V(D, Dy, k) if and only if

I+ ReA By A Y2 Py, - HA(D) — H2(D) (3.7)
is injective. Indeed, if u+ RkAgl/QBkAgl/ZPku = 0 then by taking the inner product
of the latter with the component w = u — Pxu which is orthogonal to Pyu, we have
that

0= (u, w)pe + (Rid,*Bea, " P, w) p (3.8)

= (w, w)gs + (4,2 B P, Paw) = e,

whence w = 0. The injectivity of A;l/QBkA;UQ now implies the injectivity of (3.7)
since the component Pyu is in V (D, Dy, k). The converse is obvious. Furthermore
as it is discussed in [5], T} = RkAgl/QBkA,Zl/ZPk : H3(D) — HZ(D) is a compact
operator and the mapping k — RkA,Zl/QBkAlzlﬂPk is continuous. Therefore, from
the max-min principle for the eigenvalues A(k) of the compact and self-adjoint operator
RkAlzlmBkA,;l/QPk we can conclude that A(k) is a continuous function of k. Finally,
it is clear that the multiplicity of a transmission eigenvalue is finite since it corresponds
to the multiplicity of the eigenvalue A(k) = —1 [19]. The proof of the existence of
transmission eigenvalues is based on the following theorem which is proven in [5] (see
also [18]). This theorem is a modified version of Theorem 2.1 and the proof is based
on the max-min principle for A(k) and the continuity of A(k) on k.

THEOREM 3.2. Let Ty, := RkAlzl/ZBkA,;l/QPk. Assume that
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1) There is a ko such that I + Ty, is positive on HZ(D).
2) There is a k1 > ko such that I + Ty, is non positive on a p-dimensional
subspace Wy, of HZ(D).
Then there are p transmission eigenvalues in [ko, k1] counting their multiplicity.
In the following we set n, = infj,\ 5, (n) and n* = sup,, 5, (n). Recall that we
denote by A1(D) the first Dirichlet eigenvalue for —A on D.
THEOREM 3.3. Let n € L>°(D), n =1 in Dy satisfy either one of the following
assumptions
1) 1+a<n, <n(z)<n* <o,
2) 0<n,<n(zr)<n*<l-p.
on D\ Dy for some positive constant o > 0 and 3 > 0. Then, there exists an infinite
set of transmission eigenvalues with 400 as the only accumulation point.
Proof. First we assume that the assumption 1) holds in which case we have

1 1 1 _
< < i D\ Dy.
0<n*—1*n(x)—1*n*—1<oo 1n \ Do

We note that T}, := I+RkA,;1/ZBkA,Z1/2Pk is positive on HZ(D) if and only if A+ By,
is positive on V(D, Dy, k). Hence, combining the terms in (3.1) in a different way we
have that for uw € V(D, Dg, k),

\Au+k2nu|2da¢—k‘4/ nlul>dz  (3.9)
D\ Do

+/€2/ \Vu\Qdac—k4/ \u|2dx+k2/ |Vul|? d.
D\Bo DO DO

For n* = supp\ 5, 7 > 1, if the sum of the last four terms in (3.9) is nonnegative then
we have Ay + By is positive. Hence we have

—kz/ n|u0|2dac+/ |Vu0\2d$—k:2/ \u0\2dm+/ |Vug|? dz (3.10)
D\Dy D\Dy Dy Do

z/ |vu0|2dx—k2n*/ luo|* dz > (A1(D) — k*n*)[|uol|Z2(py-
D D

1
A B =
(Agu + ku,u)Hg(D) /D\D0 n—1

A1 (D)

*

Therefore, all kg > 0 such that KJ% <

Next, we proceed in the same way as in Theorem 2.5. To this end, take ¢ > 0 small
enough such that D \ Dy contains m := m(e) > 1 disjoint balls B}, B2... B™ of radius
e, i.e. Bl € D\ Dy, j=1..m and Bl N Bi = { for j # i. Let ke, := ki, /€ is the
first transmission eigenvalue for each of these balls with index of refraction n*, where
k1., is the first transmission eigenvalue for the ball By of radius one with index of
refraction n, (i.e. the firsts eigenvalue corresponding to (2.16-(2.19) with R :=1 and

satisfy the assumption 1) of Theorem 3.2.

no := n.). Denote by B¢ € HZ(B!), j = 1...m be the eigenfunction corresponding
t0 ke .. The extension by zero @ of uB¢ " to the whole D is obviously in V(D, Dy, k)
and the vectors {a!,a?,...u™} are linearly independent and orthogonal since they
have disjoint supports included in D\ Dy. Let us denote by U the n-dimensional
subspace of V (D, Dy, k) spanned by {@!, 42, ...4™}. Since each @/, j = 1...m satisfies
(2.23) and they have disjoint supports. we have that for £y := ke,, and for every
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@ € U (note that @’ = 0 in a neighborhood of Dy)

(Aﬁla—i_Bﬁfavﬂ’)Hg(D) (311)

1

= / mm&—i—mmzdx—kn‘f / || doe — K3 / |Va|* do

D\EO D\EO D\EU
1

< / 1|Aa+n§a|2dx+,<ff / || de — 1 / |Va|* de = 0.
Ny —

D\Dy D\ Dy D\ D,

This means that the assumption 2) of Theorem 3.2 is also satisfied and therefore there
are m(e) transmission eigenvalues (counting multiplicity) inside [ko, ke n,]. Note that
m(e) and k., both goes to 400 as ¢ — 0. Since the multiplicity of each eigen-
value is finite we have shown that there exists a infinite countable set of transmission
eigenvalues that accumulate to +oo.

Now assume that the assumption 2) holds. Similarly to the previous case, from
the definition (3.2) and (3.3) of Ay and By we have that

1
(Axu + Byu, u)Hg(D) = /

|Au + k?ul? dx—k4/ lu|? dx
D\D, + — 71

D\ Do

+k2/ |Vu|2d:c—k4/ |u|2dx+k2/ |Vul|? d. (3.12)
D\ﬁo DO DO

Hence we have that Ay + By is positive as long as

—kz/ n|u\2dx+/ |Vul|? dx—k2/ |u|2dx+/ |Vu|? da (3.13)
D\Dy D\Dy Do Do

> [ FuPdo i [ o do = (u(D) = )l ) 2 0.
D D

Therefore, kg > 0 such that k2 < A\;(D) satisfy the assumption 1) of Theorem 3.2.
The rest of the proof can be done exactly in the same way as for the first part where
n, is replaced by n*. O

Finally, we rewrite the main result of Theorem 3.3 in the following corollary. To
this end, we call B,, the largest ball of radius 7 such that B,, C D\ Dy. For a
given 0 < € < rq, let m(e) € N be the number of disjoint balls B, of radius e that are
contained in D\ Dy. We denote by k1, and kq .- the first transmission eigenvalue
for the ball By of radius one with index of refraction n. and n* respectively (i.e. the
first eigenvalue corresponding to (2.16)-(2.19) with R := 1 and ng := n. and ng := n*,
respectively). Finally let A;(D) be the first Dirichlet eigenvalue for —A in D.

COROLLARY 3.4. Assume thatn € L>(D\ D), n =1 in Dy and let k1 p py,n(x)
be the first transmission eigenvalue corresponding to (2.3)-(2.6) for these D, Dy and

1) Ifl+a<n.<n(z) <n* <o on D\ Dy, then

At (D) k1 N
0< n < k1,D,Dg,n(z) < T" (3.14)
There are at least m(e) transmission eigenvalues in the interval { LTE*D) , 7’“;’”*

|
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2) If0<n, <n(z)<n*<1-0 on D\ Dy, then

kl,n*
T1 ’

0 < V/A1(D) < k1.p,pyon(z) < (3.15)

There are at least m(€) transmission eigenvalues in the interval [\//\1(D), Fine ]

€
Alternative lower bounds for the first transmission eigenvalue that involve the
geometry of Dy can be found in [5].
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