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We consider the scattering of time harmonic incident plane waves by partially
coated perfect conductors and screens (including the case of no coating, i.e. the
scatterer is a perfect conductor). Of particular interest to us is the inverse problem
of determining the shape of surface impedance from a knowledge of the far field
pattern of the electric field. Our analysis is based on a study of mixed boundary
value problems for Maxwell’s equations .

1. Introduction

In this paper we will survey recent results we have obtained on the inverse
electromagnetic scattering problem for partially coated perfect conductors
and screens. In particular, we are interested in obtaining the shape of
the scatterer and material properties of the coating (if it exists) from a
knowledge of the time harmonic incident field at a fixed frequency and the
electric far field pattern for incident and observation directions on the unit
sphere. The difficulty in solving such problems lies in the fact that the
material properties of the coating, if it exists, is a priori unknown nor is the
connectivity or dimensionality of the scatterer. Such problems are ideally
suited to the linear sampling method in inverse scattering theory 7 and in
this paper we will outline how the inverse scattering problems of the above
type can be solved using this method. For further details we refer the reader
to our papers 2, 3, 4 and °.
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2. The Inverse Scattering Problem for Partially Coated
Obstacles

Let D C R? be a bounded region with boundary I such that D, := R3\ D is
connected. Each simply connected piece of D is assumed to be a Lipschitz
curvilinear polyhedron. We assume that the boundary ' =T'p UTIU T’} is
split into two disjoint parts I'p and I'; having II as their possible common
boundary and denote by v the unit outward normal defined almost every-
where on T'.

The direct scattering problem for the scattering of a time harmonic electro-
magnetic plane wave by a partially coated obstacle D is to find an electric
field E and a magnetic field H such that

curl E —ikH =0

(1)
curl H +1kE =0

in R\ D and on the boundary I satisfy

vxE=0 on I'p

vxcurl B —iX(z)(v x E) xv =0 on Iy

where A(z) > Ap > 0 is the surface impedance, A € Lo (T'y),

E=FE+E, H=H +H° (3)
and

Tli_}rgo(curl E°xx—ikrE®) =0 (4)
uniformly in & = 2/|x| where » = |z|. The incident field E¢, H? is, in

general, an entire solution of Maxwell’s equations in R3. In particular we
consider electromagnetic plane waves given by
ikx-d

4

E'(z) := fcurlcurlpe
(5)

H(z) := curl peth=d

where k£ > 0 is the wave number, d is a unit vector giving the direction of
propagation and p is the polarization vector. Letting

L) : = {u € (Lz(F))3: v-u=0on F}

3

H(curl, D) := {u € (L2(D))3 : curlu € (L*(D))"}
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it is shown in 4 that there exists a unique solution to (1)-(5) such that E
is in Hioe(curl, R¥\ D) N{u: v xulp, € LF(T)}.

In addition to the scattering problem (1)-(5), we will also need to consider
the interior mixed boundary value problem of finding a solution to

curl B —ikH =0

(6)
curl H +ikE =0

in D such that

vxE=f on I'p

(7)
vxcurl B —iXz)(v X E) xv="h on N

for a f = v x u|r,, where u € H(curl, D) such that v x u|p, € L?(T';) and
h € L}(Ty). If Ty # 0 it was shown in % that there exists a unique solution
to (6)-(7) such that F is in H(curl, D) N {u: v x u|r, € L}(T'1)}.

We now turn our attention to the inverse scattering problem associated
with the direct scattering problem (1)-(5). To this end, we note that for
k > 0 fixed the radiating solution E* of (1)-(5) has the asymptotic behavior

B ) = S {Em(i,d,p) +0 <1)} (8)

] ]

as |x| — oo, where E(Z,d,p) is the electric far field pattern and the
dependence on k has been suppressed. It can easily be shown  that & -
E (%) = 0. the inverse scattering problem we are concerned with is to
determine D and A from E.(#,d,p) for #,d € Q = {x : |z| =1}, p € R?
and k fixed. We note that it suffices to only consider z, —d € Qy C €, i.e.
limited aperture far field data and, since E° depends linearly on p, we only
need to consider three linearly independent polarizations. However, for the
sake of simplicity we will restrict our attention to #,d € Q and p € R3.

Theorem 2.1. D and A are uniquely determined by Eo(Z,d,p) for &,d €
Q and p € R3.

Proof. The proof follows from a slight generation of the results of . O
Having established the uniqueness of our inverse scattering problem, the

next step is to reconstruct D (without of course knowing A a priori). To
this end we will use the linear sampling method. We first define the far
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field operator F : L2(Q2) — L?(Q) by

(Fg)(2) = / Eoli,d,g(d))ds(d), 7 €9 (9)
Q

and note that F' is a compact linear operator. Let E. o, be the electric far
field pattern of the electric dipole

E.(z,z,q) : = tcurl, curl, ¢ ®(z, 2)

(10)
H.(z,z,q): = curl, ¢ ®(z, 2)
where
1 6ik|xfz\
® =_—— 11
(@2) = =g (1)

and ¢ € R3, z € R3, are the polarization and the source location, respec-
tively, of the electric dipole. The far field equation is

Fg(&) = Ee oo(, 2,q). (12)

In general, no solution exists to the far field equation. However, we can
assert the existence of an approximate solution which has, as a function
of z, growth properties which allow us to determine D. In the theorem
which follows E,; denotes the electric field of an electromagnetic Herglotz
pair defined by &

Ey(x) = [ e dg(d) ds(d)
" (13)
Hy(z) = 7 curlEy(x)
where g € L7(9).
Theorem 2.2. Assume that 'y # () and X\ > 0. Then if F is the electric

far field operator (9) corresponding to the direct scattering problem (1)-(5),
we have that

(1) If z € D then for every € > 0 there exists a solution ge(-,z) =
9e(-,2,q) € L(Q) satisfying the inequality

[Fge(-,2) — Ee,OO('vZ»Q)”Lf(Q) <€
Moreover this solution satisfies

Zhl}%‘ HE s(‘;Z)HX = 00, and 7}1}}%‘ ng("z)”Lf(Sl) = 00.
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(2) If z € D, then for every € > 0 and 6 > 0 there exists a solution
95.c(+,2) = g5.c(-,2,q) € L} (Q) of the inequality

HFg(S,e("Z) - EQQ@(HZ,Q)”L%(Q) <e+ 5a
such that

im || By, . (.ollx = 00, and  1im [lgs. (- 2) 3oy = oo
Here

2 _ 2 2
lullx = el curt, py + 11V % ullzzr,)-

The proof of the theorem is based on two key results stated in the following
lemmas which are proved in 4. First we note that by superposition it is

easy to see that
Fg=—ikB(E,)

where the operator B : Hjoc(curl, R?)) N {u: v x ulp, € L}(T[)} — L} (Q)
maps the electric incident field E* to the electric far field pattern of the
corresponding scattered solution to (1)-(5) and Ey is the electric field of
the electromagnetic Herglotz pair with kernel g given by (13).

Lemma 2.3. The electric field of the interior mized boundary value prob-
lem (6)-(7) can be approximated arbitrarily close by the electric field of an
electromagnetic Herglotz pair in H(curl, D) N {u: v x u|r, € L}(T'1)}.

Lemma 2.4. The operator B is continuous, compact and has dense range.
Moreover E. o (-, 2,q) is in the range of B if and only if z € D.

The function g of Theorem 2.2 is sought for by applying Tikhonov regu-
larization and the Morozov discrepancy principle to the far field equation.
The relationship between such a regularized solution and the function g has
recently been examined by Arens ' and a numerical study of this approach
for determining D has recently been given by Collino, Fares and Haddar ©.

Having determined D, the function g of the above theorem can also be used
to determine the essential supremum of the surface impedance A = A(x)

2, In particular, let E,

from a knowledge of the electric far field pattern
denote the solution of the interior mixed boundary value problem (6)-(7)

with boundary data
f =-—VvX EE('v ZaQ)
(14)
h=—-vxcurl E.(-, z,q) + iA(x)(v X Ec(+, 2,q)) X v
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for z € B, C D where B, is a ball of radius 7. In # as part of the proof of
Theorem 2.2 it is shown that F, can be approximated in the norm | - || x of
the above theorem by the electric field of an electromagnetic Herglotz pair
with kernel ikg where g is the above approximate (regularized) solution of
the far field equation. Noting that if we define

W, =E,+ E.(-,2,9) (15)

then vxW, = 0 on I'p, the following theorem provides a variational method
for determine |||z (r,). Note that I'; is not determined by this method.

Theorem 2.5. Let A\ € Lo(I'y) be the surface impedance of the scattering
problem (1)-(5). Then

M Lo rry = (16)

> aiay [—llal* Az, 2, k.q) + & (0 B (%) + a- By (20))]

i,J
sup : 5
2 € By,q € R3 2| zi:az(WZi)THLf(r)
a; € C
where
k3 9
Alzi 2.k, 0) = [2j0 (k|2 — 25]) + ja(K|zi — 2;])(3cos® ¢ — 1)]

with jo and jo being spherical Bessel functions of order 0 and 2, respectively,
and ¢ is the angle between (z; — z;) and q.

The proof of this theorem follows from the following lemmas (for the proofs
see 2).

Lemma 2.6. For every two points z; and zo in D and polarization q € R3
we have that

2/(WZ1)T'>\(WZ2)T ds = —|lq|*A(z1, 22, k, @)+k (q- E-, (22) + ¢ E.,(21))

I'r
Lemma 2.7. Let

&= {f € L2(T)) : f=W.)r|r, with W, define by (15), }

z € B,, andqg € R3

Then & is complete in L?(T'r).
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In the particular case where A is a positive constant the formula (16) sim-
plifies to

2
—& |lqll* + kRe (q - E.,)

)\ =
Vo) e,

(17)

where 2y € B,.

3. The inverse scattering problem for screens

Let S be a bounded, simply connected, orientated, smooth open surface
in R? with piecewise smooth boundary which does not intersect itself. We
consider S as part of the smooth boundary 0D of some bounded connected
open set D C R? and denote by v the normal vector to I' that coincides
with the outward normal vector to dD. We denote by v x E*, v ET and
v-ET|r, (v x E7, y0E~ and v - E~|r) the restriction to S of the traces
v X Elop, yrE|op and v - E|gp respectively, from the outside (from the
inside) of 9D where ypu := v X (u X v) is the tangential component of u.

The scattering of electromagnetic waves by the screen .S, under the assump-
tion that S is perfectly conducting, leads to the boundary value problem

curl B —itkH =0

(18)
curl H +1kE =0
in R?\ S such that
yrET =0 on S (19)
where
E=FE +E, H=H+H® (20)

Ei, H are given by (5) and E* satisfies the Silver-Miiller radiation condition
(4). We refer to this problem as the screen problem. The following theorem
is proved in 3:

Theorem 3.1. The screen problem has a wunique solution E,H &€
Hipe(curl, R3\ S).

We note that the solution of the screen problem always has a singularity
near the edge! In particular, even if S is smooth and has smooth boundary,

the solution E, H to the screen problem is such that E, H € H%_G(Rg' \ S)

loc
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for every € > 0 but E, H ¢ HI%C(R3 \ S)! Hence, in order to develop a nu-
merical method for solving the screen problem it is necessary to take into
account edge singularities.

In order to formulate the inverse scattering problem associated with (18)-
(20), we note that the electric field E again has the asymptotic behavior
(8). Hence our inverse problem is to determine S from a knowledge of
E(Z,d,p) for ,d on the unit sphere €2, three linearly independent polar-
izations p € R? and k fixed. The following theorem can be established in
the same way as the corresponding uniqueness theorem for domains with
non-empty interior Y.

Theorem 3.2. The screen S is uniquely determined from a knowledge of
Eo(Z,d,p) for all £,d € Q and three linearly independent polarizations
p € R3.

A reasonable question to ask is if only a finite number of incident waves d
suffice to determine uniqueness. In the case of scattering of TM-polarized
incident waves by an infinite cylinder (i.e. the Dirichlet crack problem for
the two dimensional Helmholtz equation) partial results in this direction
have been established by Rondi '°. However, the case of a perfectly con-
ducting screen in R? remains an open problem.

Having established uniqueness, the next step is to reconstruct S from the
far field data. We will again do this by using the linear sampling method.
To this end we define

H,2(S) = {u EH3(S):v-u=0 divsuc H—%(S)}

and let H (;% (S) denote those functions in HCZE (S) that can be extended
1
3

by zero to a function in H ;2 (0D). Note that for u € Hjp(curl, R*\ S) the

trace v X u|g is in € H,,2 (S). We again define the far field operator by (9),
where now F, is the electric far field pattern for the screen problem, and
define the far field equation by

(Fg)(&) = ®%,(2) (21)

where

oL () =i x </L ar(y) ei’“f'ydsy> X x (22)
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L1
for L € S and o € H,,2(L). The far field operator corresponding to the
screen problem can be factored as

(Fg)(2) = —ikG(v x Eg) (23)

where the operator G : Hd_f (S) — L2(2) maps v x E|g to the electric field
of the far field pattern of the scattered field corresponding to an arbitrary
incident field B, H® such that E' € Hjp.(curl, R? \ S). Here E, is the
electric field of the electromagnetic Herglotz pair with kernel g given by
(13). The following lemma was proved in :

_1

Lemma 3.3. The operator G : H,,2 (S) — L7(Q) is compact, injective and

has dense range. Moreover the range of B consists of functions ®L defined
1

by (22) for L C S and ar, € Hy;2(L).

1
Combining this lemma with the fact that any function in H,,2(S) can be

1
approximated by v x Ey with respect to the H ;2

2 (S)-norm we can prove
the following theorem.

Theorem 3.4. Let S be a perfectly conducting screen having electric far
field pattern E,. Then

(1) if L C S then for every e > 0 there exists a solution g € L?(2) of
the inequality

IFgl — @ |2 <e

(2) if LZS then for every e > 0 and 6 > 0 there exists a solution
g£5 € L%(Q) of the inequality

1Fgts — EX|lr2@) <€+6
such that

lim (|25l 2 () =00 and  lim || gz [|m(curt, By =
where Eg£5 1s the electric field of the electromagnetic Herglotz pair

with kernel geLﬁ,

In order for the above theorem to be of practical value, we need to have
the right hand side of the far field equation to be independent of L! To
this end, we let L degenerate to a point with o, being an appropriate delta
sequence in order to replace ®L by E... (&, z,q), i.e. we now have the same
far field equation as we did for a partially coated obstacle with non-empty
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10

interior (c.f. (12))! In particular this is the far field equation we use to
reconstruct S from E.,. For numerical examples using this approach, see
3

The above method for reconstructing the shape of a perfect conducting
screen S can also be used to reconstruct a partially coated screen, i.e. one
in which one side is coated by a dielectric and the other side is a perfect
conductor °. In this case the total electric field E = E* + E° satisfies the
following boundary conditions

yrE~ =0 on S~
(24)
vx curl ET —iX(z)yrEt =0 on St

where A(z) > Ao and A € Lo (S) and ST and S~ denote the positive and
negative sides of the screen respectively. One can prove ® that there ex-
ists a unique solution of this problem such that E € Hjy.(curl, R3\ S) N
{u: vxut e L}(S)}. But in this case the singularity of the solution near
the scree edge is much stronger than in the case of a perfect conductor be-
cause roughly speaking the change of the boundary conditions contributes
to the edge singularity. In general, even if S is smooth with smooth bound-

1, —
ary, the electric field cannot be more regular than H,! “(R*\ S) for every

€ > 0. A detailed analysis of the associated inverse problem shows that
Theorem 3.4 is also valid in the case of mixed boundary value problem for
screens. Examples of reconstructions based on this theorem for partially
coated screens are presented in . However in this case we do not know how
to use g to determine the essential supremum of the surface impedance A(z)
as we did for partially coated obstacles with non-empty interior.

References

1. T. Arens, Why linear sampling works!, Inverse Problems (to appear).

2. F. Cakoni and D. Colton, The determination of the surface impedance of a
partially coated obstacle from the far field data, STAM J. Applied Math., (to
appear).

3. F. Cakoni, D. Colton and E. Darrigrad, The inverse electromagnetic scattering
problem for screens, Inverse Problems 19, 627 (2003).

4. F. Cakoni, D. Colton and P. Monk, The electromagnetic inverse scattering
problem for partially coated Lipschitz domains, (to appear).

5. F. Cakoni and E. Darrigrad, The inverse electromagnetic scattering problem
for mixed boundary value problem for screens, (to appear).



October 22, 2003 14:21 WSPC/Trim Size: 9in x 6in for Proceedings Ca-Co-Greece03

11

6. F. Collino, M. Fares and H. Haddar, Numerical and analytical studies of the
linear sampling method in electromagnetic scattering problems, Inverse Prob-
lems, 19, (6) (2003).

7. D. Colton, H. Haddar and M. Piana, The linear sampling method in inverse
electromagnetic scattering theory, Inverse Problems, 19, (6) (2003).

8. D. Colton and R. Kress, Inverse Acoustic and Electromagnetic Scattering
Theory 2nd Edition, Springer Verlag, Berlin, (1998)

9. R. Kress, Uniqueness in inverse obstacle scattering for electromag-
netic waves, Proceedings of the URSI General Assembly 2002, Maas-
tricht; Dounloadable from the web site http://www.num.math.uni-
goettingen.de/kress/researchlist.html.

10. L. Rondi, Unique determination of non-smooth sound-soft scatterers by
finitely many far-field measurements, Indiana Uni. Math. Jour. 52 (6) (2003).



