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This paper provides a survey of recent developments on the transmission eigenvalue
problem.

1. Introduction

In recent years the transmission eigenvalue problem has come to play an
important role in inverse scattering theory '4. This is due to the fact that
transmission eigenvalues can be determined from the far field data of the
scattered wave and used to obtain estimates for the material properties of
the scattering object 3, ®, 8. For the case of scattering of acoustic waves by
a bounded simply connected inhomogeneous medium D C R3, the trans-
mission eigenvalue problem is to find k # 0, w € L*(D), v € L*(D),
w — v € H?(D) such that

Aw+En(z)w=0 in D (1)
Av+Ek*v=0 in D (2)
w=v on 0D (3)

ow Ov
87 = % on oD (4)
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where v is the unit outward normal to the smooth boundary 0D and the
index of refraction n(x) is positive. Values of k # 0 such that there exists a
nontrivial solution to (1)-(4) are called transmission eigenvalues. Research
on transmission eigenvalues has focused on two main themes: 1) conditions
on n € L*®(D) such that transmission eigenvalues exist and form a discrete
set 9, 1116 17 18 and 2) the determination of lower and upper bounds
for n(z) from a knowledge of the transmission eigenvalues corresponding to
(1)-(4) 6,7, 8 9. The purpose of this paper is to provide a brief survey of
both of these research directions.

2. Scattering by an Inhomogeneous Medium

We begin by considering the scattering problem for a non-absorbing in-
homogeneous medium and show how the transmission eigenvalues corre-
sponding to this medium can be determined from the far field pattern of
the scattered wave. The scattering problem under consideration is to find
a function u € H} (R3) such that

Au+k*n(z)u=0 in R? (5)

u=u"+u’ (6)

lim 7 (aus - zku) -0 (7)
T—00 or

where z € R3, r = |z|, k > 0 is the wave number, u’(z) = e**'¢ with |d| = 1
is the incident field, u® is the scattered field satisfying the Sommerfeld
radiation condition (7) uniformly in & = z/|x| and n € L*(D) such that
n(z) > 0 for z € D and n(z) = 1 for x € R*\ D. Here D is defined as
in the introduction and under our assumptions on D and n the scattering
problem (5)-(7) is uniquely solvable in H} (R?). It can be shown '? that
u® has the asymptotic behavior
eikr
— oo (&3, k) +0(r?) (8)

u’(z) =

as 7 — oo uniformly in & where us is the far field pattern of the scattered
field u® and we can define the far field operator F : L?(Q) — L?(Q) by

(Fg)(&) = /Q oo (35 d, K)g (d)ds(d) (9)

where ) is the unit sphere in R3. We note that by linearity (Fg)(%) is the
far field pattern corresponding to (5)-(7) where the incident field is replaced
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by the Herglotz wave function
vg(x) = /Qeikx'dg(d)ds(d). (10)

Theorem 2.1. '2 For k > 0 the far field operator is injective with dense
range if and only if there does not exist a nontrivial solution v,w € L*(D),
v—w € H?(D) of the transmission eigenvalue problem (1)-(4) such that v
is a Herglotz wave function.

Theorem (2.1) suggests the possiblity of being able to determine real trans-
mission eigenvalues from measured far field data. In particular, let F?
denote the noisy far field operator corresponding to noisy measurements
ul_(2,d, k) os the far filed data and let ® (%, z, k) be the far field pattern
of the fundamental solution

eik|x7z|

O(x, 2, k) = (11)

di|w — 2|

We are interested in the Tikhonov regularized solution g‘;e of the far field
equation defined as the unique minimizer of the Tikhonov functional 2

1F°g = @(, 2) 122 () + €llgll 72y (12)
where the positive number € is known as the Tikhonov regularization pa-
rameter. Let €(0) be a sequence of regularization parameter such that €(9)
be a sequence of regularization parameters such that €(6) — 0 as § — 0 and
let g, 5 = gie(é) be the minimizer of (12) with € = ¢(d). Then it follows
from the results of Arens !, 2 that if z € D and k > 0 is not a transmission
eigenvalue then the Herglotz wave function v, , converges in the L?(D)
norm as § — 0. The following theorem shows that this is not in general
true if k is a transmission eigenvalue.

Theorem 2.2. ° Let k > 0 be a transmission eigenvalue and assume that
the far field operator F' has dense range. Assume further that either n(z) >
1 forx € D or 0 < n(x) <1 forx € D. Then for almost every z € D,
llvg. sll2(p)y can not be bounded as § — 0.

Note that by Theorem 2.1 F has dense range as long as the solution v of
the interior transmission problem is not a Herglotz wave function, i.e. v
can not be expanded to all of R? such that v has the representation (10).
Thus in practice real transmission eigenvalues are determined by solving
the far field equation
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for an interval of k values and then locating those values of k for which
9]l 22 is relatively large ®.

3. The Transmission Eigenvalue Problem: The Case of
Spherically Stratified Index of Refraction

In the previous section many questions about transmission eigenvalues were
left open. In particular, do transmission eigenvalues exist? Is the set of
transmission eigenvalues discrete? What is the relationship between trans-
mission eigenvalues and the index of refraction n? The issue of discreteness
is of particular importance in the linear sampling method and the factoriza-
tion method for solving the inverse scattering problem 4, ' since in these
methods one needs to avoid those frequencies that correspond to transmis-
sion eigenvalues and hence is important to know that the set of transmis-
sion eigenvalues is discrete. On the other hand, transmission eigenvalues
are clearly related to the physical properties of the scattering object and
hence it is important to know if they exist and what their connection is to
the index of refraction.

In this section we will begin to answer these questions for the case
when n(z) = n(r) is spherically stratified, D is the ball {z : |z| < a} and
n € C?[0, a]. In this case we can expand v and w in a series of spherical
harmonics

a
l

=1
O

I
M8

1" (kr) Y™ (2) (14)

~
Il
=]

by (kr)Y)™ () (15)
l

=
M
M- -

~
Il
o

(16)

where j;is a spherical Bessel function of order [ and y; is a real valued
solution of

y" + %y/ + <k2n(r) — l(l:; 1)> y=0 (17)

normalized such that y;(r) behaves like j;(kr) as r — 0. From Section 2.3
of 1% we can represent this solution in the form

yi(r) = ji(kr) + k> /OT G(r,s,k)j(ks)ds (18)

where G is real valued, twice continuously differentiable for 0 < s < r and
is an even entire function of k£ of finite exponential type. It can furthermore
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be shown that y; is bounded for k on the positive real axis (c.f. Section 9.4
of 12).

Theorem 3.1. ¥ Assume that n(z) = n(r) is spherically stratified, D
is the ball {z : |z| < a} and n € C?[0, a]. Then if n(r) is not identically
equal to one there exits a countably infinite number of transmission eigen-
values for (1)-(4) with infinity as the only possible accumulation point. If
in addition

é/a Vvn(r)dr #1 (19)
0

then there exist a countably infinite number of positive transmission eigen-
values for (1)-(4) with infinity as the only possible accumulation point.

Proof. Assume n = n(r) satisfies the hypothesis of the theorem. A neces-
sary and sufficient condition for k to be a transmission eigenvalue is that k
is a zero of the determinant
yi(a) —ji(ka)
di(k) := det (20)
yi(a) —kji(ka)
for some non-negative integer [ (c.f. Section 9.4 of 12). Since the spherical
Bessel functions are entire functions of k of finite exponential type and
bounded for k on the positive real axis, by the above discussion we see that
d; (k) also has this property. Furthermore, by the series expansion of j; we
see that d;(k) is an even function of k and d;(0) = 0. Hence if d;(k) does not
have a countably infinite number of zeros, by the Hadamard factorization
theorem ' d;(k) must be identically zero. We will now show that d;(k) is
not identically zero for every [ unless n(r) is identically equal to one.
Assume that d;(k) is identically zero for every non-negative integer [.
Noting that j;(kr)Y;™ (&) is a Herglotz wave function, it follows from the
proof of Theorem 8.16 in 2 that

/Oa Ji(kp)yi(p)p*m(p) dp = 0 (21)

for all & where m(r) := 1 — n(r). Hence, using the Taylor series expansion
of ji(kp) and (18) we see that

/0 " P 2m() dp = 0 (22)

19

for all non-negative integers [. By Muntz’s theorem ** we now have that

m(r) =0, ie. n(r)=1.
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If (19) is valid then it follows from Theorem 2 of !4 that there exist a
countably infinite number of positive transmission eigenvalues. DO

4. The Transmission Eigenvalue Problem: The Case of
General Index of Refraction

We now consider the transmission eigenvalue problem (1)-(4) for general
n € L. We will assume that n satisfies one of the following assumptions:
14+a<n <n(x)<n*<o0,2)0<n, <n(z) <n* <<1-7for
some o > 0 and 8 > 0 where n, = infp(n) and n* = supp(n) Analogous
to Theorem 3.1, we have the following theorem:

Theorem 4.1. 8 Assume that n € L>(D) and k > 0. Then under the
above assumptions on n there exist infinitely many positive transmission
eigenvalues with infinity as the only accumulation point. Furthermore, if
1+ a<n, <n(z) <n* and A\(D) is the first transmission eigenvalue for
—A in D then the first positive transmission eigenvalue ki p () satisfies

Az)

> .
n*

k%,D,n(m) =

(23)

Outline of Proof: The transmission eigenvalue problem can be written

for u := w — v € HZ(D) as an eigenvalue problem for the fourth order
equation
2 1 2
(AJrkn)m(AJrk)u:O (24)
which in variational form is formulated as finding a function u € HZ(D)
such that
1
/ (A + Ku)(AP + Kng) dz = 0 (25)
D

for all ¢ € HZ(D). To fix our ideas, we assume from now on that 1 + a <
n« < n(z) <n* < oco. Letting 7 := k? we have that

1 1

/ AuA@dx—T/iVu-V¢dx+72/ " updr =0 (26)
n—1 n—1 n—1

D D D

which by the Riesz representation theorem takes the form

Kiu — 7Kou 4+ 72Kzu =0  in HZ(D)
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where Ky : H3(D) — HZ(D) is self adjoint and coercive and Ka, Kj :
HZ(D) — HZ(D) are self adjoint, compact and positive. Hence we can
write

u— 7K 'Kou + 72K 'Kagu =0 in H3(D)

and setting ¢ = TKfl/QKé/z we obtain

KK, —K;Y2KL/? 0
<;> -7 <K111/2K2§/2 o ) (;) - <0> 27

This is clearly not an eigenvalue problem for a compact self adjoint operator.
However from (27) we see that the transmission eigenvalues (if they exist)
form a discrete set with infinity as the only possible accumulation point
and that each transmission eigenvalue has finite multiplicity.

We now define the following bounded sesquilinear forms on HZ(D) x
HZ(D):

AT(u,v):/nil(Au—l—Tu) (Agp+r<p)ds—|—7’2/u<pd8, (28)
D D

and

B(u,v) = | VuVepds (29)
/

and let A, : H3(D) — HZ(D) and B : HZ(D) — HZ(D) be the correspond-
ing operators defined by the Riesz representation theorem. The interior
transmission problem now reads

(A, —B)u=0  in HZ(D). (30)

where A, is self adjoint, coercive and depends continuously on 7 € (0, c0)
and B is a self adjoint compact and non-negative operator.
We now consider the generalized eigenvalue problem

(A, = NT)B)u=0  in H3(D) (31)

noting that k? = 7 defines a transmission eigenvalue k = /7 if and only if
7 > 0 satisfies A(7) = 7. Since the generalized eigenvalue problem (31) can
be written in the form

(I - A(T)A;l/z]B%AT_l/Q) w=0  in H3D)
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we conclude that for a fixed 7 > 0 there exists an increasing sequence of
eigenvalues \;(7), such that A\;(1) — oo as j — oo. These eigenvalues
satisfy

. (ATU’ u)
. _ T s 2
i) = i (e (o )

where U; denotes the set of all j dimensional subspaces W of HZ(D) such
that W Nker(B) = {0}. We now recall the following theorem from :

Theorem 4.2. Assume that there exist two positive constants 19 > 0 and
71 > 0 such that

(1) Ar, — 0B is positive on U,
(2) A;, — 1B is non positive on a m dimensional subspace of U.

Then each of the equations \j(t) = 7 for j = 1,...,m, has at least one
solution in [1o, 1] where \;(7) is the j** eigenvalue (counting multiplicity)
of A with respect to B.

To establish the existence of the constant 79 we note that

1
(Aru — TBu, u) g2 :/E|Au+n7u|2ds—72/|u|2ds
D D
+T/|Vu|2ds. (33)
D

Since

[ IVul?ds

AMD)< inf 2
( )_uegl%w) J lul?ds
D

A;, — 7B is a positive operator for all 75 such that 0 < 70 < A(D)/n*
where A(D) is the first Dirichlet eigenvalue for —A in D (In particular (23)
is valid).

To establish the existence of the constant 7y, let B be a ball contained
in D and let £ and uf* € HZ(B) be a transmission eigenvalue and eigen-
vector, respectively, corresponding to the ball B and index of refraction n..
Set 71 := (kF )? and let @ € HZ(D) be the extension by zero of uZ to the
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whole of D. Then

1

(Ar, @ — 7B, @) o = /71|A7_~L+T1ﬂ|2d8+7'12/|ﬂ|2d8

n_
D D

- 71/|V1]|2ds (34)

D

1

S/ |Auf +TluB|2ds+7'12/\uf |2ds

ne — 1 * * *
B

B
-7 / |Vul |2ds = 0.
B

and hence A, — 7B is a non-positive operator in the subspace spanned by
.

The above argument shows that there exists at least one transmission
eigenvalue between \/A(D)/n* and kZ . To establish the existence of in-
finitely many transmission eigenvalues take € > 0 small enough such that
D contains m(e) > 1 disjoint balls B!, B?,. .. B™ of radius €. Let ke,
be the first transmission eigenvalue for each of these balls with index of
refraction n, and let uf’ € H(Bj), j =1,...,m(e) be the corresponding
eigenfunctions and @/ € HZ(D) their extension by zero to the whole of D.
Note that {@',@?,...a™} are linearly independent in H3(D) since they
have disjoint supports. By the above A, — 7B is a non-positive operator
in the subspace spanned by {121, ... ﬂm(s)} where 7 := (k‘eﬁn*)Q. Hence
there exists m(e) transmission eigenvalues less then k. ,,. Letting ¢ — 0
and noting the finite multiplicity of transmission eigenvalues proves the
results.

This completes the outline of the proof of Theorem 4.1.

The inequality (23) can be further improved 7, ®. To this end let B,, C
D C B,, where B,, is the largest such ball and B,, is the smallest such
ball. For a given 0 < ¢ < ry, let m(e) € N be the number of balls B, of
radius € that are contained in D. We denote by ki ,, and ki - the first
transmission eigenvalue for the ball of radius one with index of refraction
n, and n*, respectively. Finally let kq p ,(,) denote the first transmission
eigenvalue corresponding to D and the given index of refraction n(z).

Corollary 4.1. Assume that n € L>(D). Then
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(1) If 1+ a <n, <n(z) <n* < oo, then

k1 k1,n
0< L < kl,D,n(z) < 2 (35)
T1
(2) If 0 < n, <n(z) <n*<1-7, then
n k n*
0< = <kipn@ < 7 (36)
1

Proof. First we note that from the scaling properties of the spherical
Bessel functions, the first transmission eigenvalue for B,, with index of
refraction n* equals ky ,+/72. Similar scaling properties hold for the first
transmission eigenvalue for B,, and index of refraction n, as well as for
B,, with index of refraction n* or n.. The right inequality in (35) is shown
in the proof of Theorem 4.1. In the following we show the validity of the
left inequality in (35) for the case when 1 + « < n, < n(z) < n* < oco.
Obviously for any u € HZ(D) we have

el Au+ Tl + lullh  Jp s Au + Tul de 4 7l
IVul? - IVull?
ol Au + Tullf, + 7 lull

- IVul?

(37)

Therefore from (32) we have that for an arbitrary 7 > 0

>‘1(T7 Brzan*) < )‘1(T7D7n*) < Al(TaDan(‘T))
S )\I(Tvan*) S )\1(7’, Br17n*)

where A1 (7, D,n*), A1 (7, D,n(x)) and A1 (7, D, n.) are the first eigenvalues
of the auxiliary problem for D and n*, n(z) and n., respectively, and
A1 (T, Byy,n*) and A (7, By, n.) are the first eigenvalues of the auxiliary
problem for B,,, n* and B,,, n., respectively. Now for 7 = (kqp, /r1)?
we have that A1 (71, D,n(x)) — 7 < 0 since in the subspace spanned by the
extension by zero to the whole of D of the eigenfunction uf: 1. the Rayleigh
quotient minus 7 for 7 = 7 becomes negative. On the other hand, for 7y :=
(k1,n+/72)?, we have A1 (79, By,,n*) — 70 = 0 and hence A\ (79, D,n(z)) —
7o > 0. Therefore the first eigenvalue ki p ;) corresponding to D and
n(z) is between ki ,,- /ro and ki ,,, /r1. Note that there is no transmission
eigenvalue for D and n(z) that is less then kj ,«/r2. Indeed if there is a
transmission eigenvalue strictly less then ky ,,» /r2 then by the monotonocity
of the eigenvalues of the auxiliary problem with respect to the domain and
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the fact that for 7 small enough there are no transmission eigenvalues we
would have found an eigenvalue of the ball B,., and n* that is strictly smaller
then the first eigenvalue. O

Remark 4.1. The inequality (23) was first obtained in 4.

Remark 4.2. The existence of finitely many transmission eigenvalues (un-

der more restrictive assumptions then in Theorem 4.1) was first given in
17

Remark 4.3. Theorem 4.1 can be generalized to include the case where
D has cavities, i.e. there exit regions in D where n(z) =1 ©.
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