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We consider the inverse electromagnetic scattering problem of determining the shape of a screen from a knowledge the electric
far field pattern of the scattered wave at fixed frequency. We adapt the linear sampling method invented by Colton and Kirsch
(Inverse Problems 12 (1996) 383-393) for the case of obstacles with nonempty interior.
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1 Introduction

The inverse scattering problem we consider in this paper is to determine the shape of a thin scattering object, referred to as
screen, from a knowledge of the electric far field pattern of the scattered wave. For the sake of presentation, we establish
the validity of the linear sampling method for solving the inverse scattering problem for the case of perfectly conducting
screens. However, the analysis can be carried through for more complicated boundary conditions. We discuss numerical
implementation of the linear sampling method and give an example showing the viability of the method.

2 The direct and inverse scattering problem

Let S be a perfectly conducting screen which we suppose to be a subset of the boundary of some LipschitDdan®iin
We consider the incident electromagnetic plane wavds) = £V x V x pe’**? = ik(d x p) x de’**¢. Then the scattered
electric fieldE satisfies

VxVxE—-kKE=0 inR*\ S

rE*E =c onS

where~; denotes the tangential trace operator and —yE?. It is already known that there exists a unique solution of
the above problem which is iff;,.(curl, R?* \ 'S) ([3],[1]) where H;,.(curl, R® \ S) ={ue (L} (R*\S))3 / curlu €

1

(L2 (R*\ S))?}. For a functionu in Hloc(curl R*\ ) we have thatyr € Hm( ) ={ue (Hz2(9)3/ v -u=

0, curlsu € H2(S)}. Let us denote b)Hdw (S) = (H;“%Z(S)) in the duality paring withZ.? as a pivot space (a function
in Hd,m (S) can be extended by zero to a functior),? (9D)).
The electric scattered field has the asymptotic behaviar = e]iﬁ'f‘ wo(Z;d,p) + O (m , whereE ., (&; d, p) is known

as the electridar field patternof the scattered field and is an infinitely differentiable tangent field in the unit sphere
Theinverse scattering probleme are interested in is to determifidrom a knowledge of . (Z; d, p) for & andd in a subset
of Oy C Q and three linearly independant polarizatipns R®. One can show thaf is uniquely determined from the electric
far field B (i; d, p) given for allz, d € Q andp € R3.

We introduce the far field operatdt : L?(Q) — L?(Q0) by (Fg)(2) := Eo(2;d,g(d))ds(d). which is a linear
Qo
operator sincé, (Z; d, p) depends linearly op. By superposition(F'g) = —B(Hg) whereB : Hmm(S) — L2(9) maps
the boundary data € chz(s) to the far field pattern of the solution to the corresponding screen problem, and the Herglotz
operatorH : LQ(QO) — chl(S) is defined byHg := y7 E, whereE is the electric Herglotz wave function with kerngl

given by E,(z fﬂ d)e*™dds(d). It can be shown tha : chz(S) — L2(€p) is compact, injective and has dense

range prowded that there does not exists a Herglotz function whose tangential trace vaniShEﬂmhermore, the range of
B consists of all functions of the forf%, (2) := & x [, az(y)e**¥ds, x &, whereL C S anday, € Hdw (L). in addition,

1
one can also show that the rangefof: L?(Qy) — H_2,(S) is dense. From these properties, we can derive the following
~_1
result about the solution of ttfar field equation(Fg) = —B(Hg) = ®L whereL is an arbitrary arc and,, € H,,? (L).
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Theorem 2.1 1. If L C S then for every: > 0 there exists a solutiop” € L7 (Q) of | Fgl — ®L |2y <e.

2. If L ¢ S then for everye > 0 andd > 0 there exists a solutiog£5 € L3(Q) of || Fg£5 — oL z2(0)< € + d such
thatlims o || 925 |I£2(0)= oo andlims_.g || By H(curt,Br)= 00, WhereE, . is the electric Herglotz wave function
with kernelg” ;.

Letting L degenerate to a pointby takinga, an appropriate delta sequence, we can repldgey % [(2 x q) x 2ehe=2],
The above analysis can also be carried out for the case of screens with mixed boundary conditions ([4],[5]).

3 The linear sampling method
The linear sampling determingdrom the following equation

/ Eoo(#:d, g(d))ds(d) = ﬁ[(@ x q) x de” k¥ 5 e RS

Q 4

ThensS is reconstructed as the set of points whiggg; - is bounded. Since the far field equation is ill-posed; obtained by

using regularization methods such as Tikhonov regularization. It is an open question whether this regularized solution behave
in the same way as the approximate solution of the far field equation. Recently, this question is answered positively in ([2]) in
certain cases for obstacles with non empty interior.

In practice, we consider the discretized far field equation which readg. , = b. ,. whereA.(&;, d;) represents the far

field data atV incident directionsi; € 2y and N observation directions; = —d; € y. We use piecewise continuous

linear approximation ofy on a triangularization of),. We then solve the regularized equation + A’ A.g = A%b,

for three linearly independent polarizations- ¢1, g2, g3 Wherea is chosen by Morozov’s discrepancy principle. The screen

3
is then visualized by plotting the surfaGéz) = C' max é Z | g(:; 2i, q;) ||~ *with C chosen by ad hoc methods (see [6]).
j=1

zi€Emesh

In Fig. (1) we show an example of reconstruction for a non-smooth L-shape screen with mixed perfectly conducting -
impedance boundary condition. In particular, the screen satisfies perfectly conducting boundary condition on all sides except
for the inner side of the vertical square which satisfies the impedance boundary condition=with

Fig. 1 Perfectly conducting screen on the left and a mixed screen on the right
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