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We consider the two-dimensional electromagnetic inverse scattering problem for a dielectric
medium partially coated with a thin layer of highly conductive material. Using the linear
sampling method, we show that the approximate solution of the far field equation can be used
to reconstruct the support of the coating in addition to the shape of the scattering obstacle.
We also deduce formulas providing point-wise reconstruction of the surface conductivity on
the coated portion and the real index of refraction on the uncoated portion of the boundary.
Numerical examples are given for the case with constant surface conductivity and index of
refraction showing the viability of our reconstruction procedure.

Keywords: linear sampling, mixed transmission conditions, inhomogeneous medium,
inverse scattering

AMS Subject Classification: 35R30, 35Q60, 35J40, 78A25

1. Introduction

We consider the scattering of time-harmonic electromagnetic waves with frequency
w by an inhomogeneous dielectric obstacle partially coated with a thin layer of
a highly conductive material. This problem arises in nondestructive testing and
underground interrogation.

In this work we restrict ourselves to the case where the scatterer is an infinitely
long cylinder with axis in the z-direction and cross section D, and the incident
electromagnetic field is a plane wave propagating in the direction the cylinder axis
such that the electric field is polarized perpendicular to the z axis. We assume that
the electric permittivity €y and magnetic permeability pg of the exterior background
medium are positive constants whereas inside the cylindrical scatterer the magnetic
permeability g is the same as of the exterior medium but the electric permittivity
€ is a positive function independent of z and the conductivity ¢ = 0. The cross
section D C R? is a bounded domain with C%-boundary 9D such that the exterior
domain D, := R?\ D is connected. We denote by v the outward unit normal to
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0D. The boundary 0D = dD; U 0D, is split into two open disjoint parts 0D; and
0D, where 0D; corresponds to the uncoated part and 90D, corresponds to the
coated part of the surface of the scatterer. Let the positive function 7 defined on
0D, denote the surface conductivity which involves the physical parameters of the
coating as well as its thickness. Assuming that the function n does not depend on z,
then the incident, interior and scattered magnetic fields have only one component
in the z direction, i.e. H* = (0, 0, U%), H"™ = (0, 0, V) and H® = (0, 0, U®),
respectively. Eliminating the electric fields and denoting by a(x) = €¢y/e(x) the
contrast, the direct scattering problem is formulated as the following transmission
problem for V' and U® (see [3], [4]) .

(V-a(x)VV +k2V =0 in D
AU® +k2US =0 in D,
V—(Us+U)=0 on 0D
e . OUF+UY)
gv— (Ua(—ll—]U );)—zn(x)T on 0D, (1)
S + 1
8—Va - TS =0 on Z?D

where 7 = |z|, U’ is the incident plane wave given by U’ := e¥**d d € Q := {z :
x| = 1},

oV
Oy,

(x) :=v(z) - a(x)VV(x), xel,

and the radiation condition in (1) holds uniformly with respect to & = x/|z|.

In the following we assume that a € C?(D) and n € C%(9D,) such that a(x) >
ag > 0 for x € D and n(x) > ng > 0 for € D, (note that D, is not necessarily
connected). To formulate mathematically the direct scattering problem, we recall
the usual Sobolev spaces H'(D), H} (D.) and H%((‘)D), and for 0D, C 0D we
define by

W |-

H=(0D.) = {ulop, : u € H?(9D)}

(dD,) := {u € Hz(dD,) : suppu C 9D},

N =

H
1 ~ 1 ~ 1 /
and denote by H ™ 2(0D.) and H 2(9D.) the dual spaces (H 5(8Dc)> and

1 /
(H E(ODC)) , respectively, with L? as a pivot space (for details see [19]). For later
use we also define the Hilbert space

H'(D,dD,) := {u € HY(D) such that % € L2(8Dc)}

equipped with the usual graph norm

oul|?

ov

el pom =l o) + \

L2(dD.)
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The forward scattering problem reads: Given D, a, n and U* as above, find V €
HY(D) and U € H} (D.) that satisfy (1) where the boundary conditions are
assumed in the sense of the trace operator. In [4] (see also [3]) it is shown that (1)
has a unique solution depending continuously on the incident field. It is also known
[13] that the radiating field U® have the asymptotic behavior

ezkr

7Um(gﬁ,cz) +0(r™3?), r— oo (2)

Us(z) =

where Uy (2, d) is the far field pattern of the radiating solution U?® which depends
on the incident direction d € 2 and the observation direction & € 2, where ( is
the unit circle.

The inverse scattering problem we are concern with is to determine the shape
D, identify the uncoated part dD; and coated part 0D, and reconstruct n and
alsp, from a knowledge of the far field pattern U (Z,d) of the scattered field U*®
for z, d € Q. However we remark that, based on [5], the results of this paper
hold true if Uy (Z,d) is known on a limited aperture, i.e. for d € Qg and & € ),
where €21 and €2y are open subsets of the unit circle €2. Note that, except for some
reasonable regularity conditions (only for technical reasons) no a priori information
is assumed. For the uniqueness of the support D from the above data we refer the
reader to [4] and [15] whereas uniqueness theorems for 1 can be found in [4] and
8].

The solution of this inverse problem was first considered in [7] (see also [3]) where
the linear sampling method was used to reconstruct the shape D of a partially
coated anisotropic dielectric with non smooth boundary. In addition, a variational
method was given for determining the essential supremum of the surface conductiv-
ity 1. The idea of [7] was further developed in [8] where 7 is obtained as a solution
of an integral equation. In the foundation of these approaches is the study of the
so called the interior transmission problem that was first investigated in [6].

An alternative approach for solving the inverse scattering problem for partially
coated perfect conductors was proposed in [9], [18] and [22] based on the probe and
singular sources methods (see also [16], [17]) combined with asymptotical analysis
of the Green’s function related to the exterior mixed boundary value problem. A
full reconstruction of the scattering objects including the shape, the support of
the coating and the impedance coefficient it is presented in the above mentioned
papers.

The goal of this paper is to extend the ideas of [18] and [22] to solve the in-
verse scattering problem for partially coated dielectrics using the linear sampling
method. More precisely, we show that the approximate solution of the far field equa-
tion can be used to distinguish between the coated and uncoated boundary points,
in addition to the reconstruction of the support of the scatterer. Furthermore, we
obtain formulas that provide point-wise reconstruction of the index of refraction
evaluated at the uncoated boundary points and the surface conductivity at the
coated boundary points. The inversion scheme is essentially based on a detailed
asymptotical analysis of the Green’s function associated with the interior trans-
mission problem corresponding to our scattering problem which is developed in
[21]. We note that the linear sampling method and the probe and singular source
method use the far field data differently. However they have a common feature,
namely whereas the linear sampling method is based on the behavior of Green’s
function of the interior problem corresponding to the scattering problem (in the
current case interior transmission problem), the probe and singular source method
rely on Green’s function of the exterior problem. For a discussion on the probe and
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singular source method in comparison to the linear sampling we refer the reader
to [16], [23], [25].

The plan of the paper is the following. In the next section we derive the solution
algorithm for solving the inverse scattering problem. In order to avoid long and
tedious calculations in our presentation, we state without proof some important
results from [21] which are basic for the derivation of our reconstruction formu-
las. Section 3 is devoted to numerical implementation of the proposed algorithm
where we present some numerical examples showing the viability of the method.
Given the complexity of the inverse problem, the numerical study presented here is
preliminary and by no means comprehensive and further investigation is necessary.

We conclude by saying that our reconstructing algorithm simply start by sam-
pling the searching region and the information is built step by step from the recon-
struction of the support till the reconstruction of the boundary coefficients. Parts
of the algorithm can be used if more a-prior information is available.

2. The inverse scattering problem

The solution method for the inverse problem is based on the study of the ap-
proximate solution to the far field equation. To this end let us define the far field
operator F : L2(Q) — L?(Q) by

Fo(@) = [ unidg@)isa). i e 3)
and the far field equation

(Fg)(2) = GY)(i,2) geL*(),2€9Q, z€R?, j=1,2 (4)

where Gg,)(ﬁ;,z) is the far field pattern of G(j)(a:,z) = 8% (z,2), j =1,2, x =
J

(x1,22) with ®(z,z) := %Hél)(k:kn — z|) being the fundamental solution of the

Helmholtz equation in R? with Ho(l) being the Hankel function of the first kind of
order zero. Typically the linear sampling method is based on the far field equation
with the right hand side the far field pattern of the fundamental solution ®(z, 2)
(see [3]). Here, we use on the right hand side of the far field equation the far field
pattern of the derivative of the fundamental because we need singularities stronger
than logarithmic to be able to obtain the reconstruction formulas for n and algp, .
As already known (see e.g. [3]), the study the far field equation (4) is related to
the interior transmission problem refer to in following as (ITP)

Vavv + 12V =0 in D
AWD 4 2w = o in D
VZ(J) _ (WZ(J) + G’(])(7 Z)) =0 on 0Dy

V9 — (w9 4 GO, 2)) = —in %(Wgﬂ +GP(.2))  on OD,

)
oy, ov

(W9 +GU(.,2) =0 on 0D.
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for z € D and j = 1,2. The values of k£ for which the homogeneous interior
transmission problem (i.e. (ITP) with GU)(-, 2) = 0) has a non trivial solution, are
called transmission eigenvalues. It is shown in [7] (see also [3]) that assuming that
there exists a constant v > 0 such that either a > 1+~vor0 <ag<a<1—7%
in D and k is not a transmission eigenvalue, then there exists a unique solution of
(ITP) such that V9 € HY(D) and WY € H'(D,dD,).

We recall the definition of a Herglotz wave function v, with kernel g € L?()
which is an entire solution of the Helmholtz equation defined by

vg(z) = /eikx'dg(d)ds(d), r € R (5)
Q

The following theorem is the bases of the linear sampling method and the proof
can be found in [7] (see also Section 8.5 in [3]).

Theorem 2.1: Assume that k is not a transmission eigenvalue, a, n and 0D
satisfy the assumptions stated in Section 1 and there exists a constant v > 0 such

that either a > 1+~ or 0 < ap < a <1—~1in D. Let Z(j), z(j) be the unique
solution of (ITP). Then

(1) For z € D and a given € > 0 there exists a g?@ € L?(Q) such that
1FgY) = GO (-, 2)| 12 () < €

and the corresponding Herglotz function v,G) converges in HY(D,dD,.) to

Wz(j) as € — 0.
(2) For a fized € > 0, we have that

A oo v pop,) =0 and - lim 982220y — oo

(3) For z € R*\ D and a given ¢ > 0, every 9292 € L?() that satisfies
HFggE) - Gg;)(‘ 2|2 ) <€
is such that
liB?)HUgEQHW(D,aDC) =00 and liil"éHgge)HLz(Q) — 00.

An important remark is that, for z € D, v ) converges in H'(D,0D,) to Wzgj )
as € — 0. Therefore, since v ; and Wz(j ) satisfy the same Helmholtz equation in
D, then from local regularityz Tesults for elliptic equations and interior estimates
we have that v6) (2) converges to Wz(j )(z) pointwisely for every z € D.

2

Our main goal in the following is to show that v,6) with gy¢ the approximate

solution of (4) provided by Theorem 2.1, in the case when z € D approaches a
point on 0D, assumes different behavior from the case when z € D approaches a
point on dD;. A more detailed investigation of this solution reveals a connection
between Vy0) and the boundary coefficients 7 and a|sp,. Since, V0) approximates

Wz(j ) it suffices to study the behavior of Wz(j) where Wz(j)7 Vz(j) is the solution of
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(ITP). To this end, we need to recall some results established in [21]. For sake of
presentation let us fix j = 2. Since 0D is a C?-closed curve, we know that for every
point zg € D there exists a rigid transformation of coordinates under which zj is
transformed to 0 := (0,0) and in addition there exists a function f € C%(—p, p)
such that f(0) = f/(0) = 0 and D N B(0,p) = {(x,y) € B(0,p); y < f(x)}. For
a fixed point zy, now we consider the new coordinative system by introducing the
local coordinates transformation which takes z to & = T'(x) = R(z) + M.,, where
R is the rotation such that R(v(zp)) = (0,1), and M., is the translation such that
M., + R(z9) = (0,0). Simple calculations show that R((0,1)) = (—v1(20), v2(20))
where v1(zg) and v5(zp) are the components of the normal vector to 9D at zy. Let
us set 7 := R((0,1)). In the new coordinative system we denote by a(Z) = a(x)
and 77(z) = n(z) for © where they are defined. Let ag = a(zp) and 19 = n(zp).
Denoting by I'(z, z) = % In |miz‘ the fundamental solution of the Laplace equation,
we consider the following problems

Aw(-,2) = 0 in R?

(-, 2) —w(-,2) = VI(+, 2) - 7 on OR? (6)
0 0(+,2) — 9 v(+, 2) iVI‘( %) - 7 on OR?

aoajzv , 2 8:%210 , 2 i , 2 o -,

A9(-,2) =0 in R?

Aw(-,Z) =0 in R2

(-, 2) = (@(-, ) + VI (-, 2) - 7) = —moai@(w(»%) +VI(, 2)-7)on ORZ (7)
aoai@@(.,g) - 8%2@(-,2) = 8%2 (VI(, 2)-7) on ORZ

where & = (Z1,#2), 2 = (%1, %2) and R% is the half plane {Z € R? : &, < 0}. For z
and z near the point zg € D, let us define

wy(x) :=w(Tx,Tz) and v.(z) = 0(Tx,Tz). (8)

The next theorem which is proven in [21] shows that w, is the dominant part of
W, with respect to the singularity near zp where W, V, is the solution of (ITP).

Theorem 2.2: Let zg € 0D and x,z € D are in the vicinity of zg. Let W,,V,
be the unique solution of the interior transmission problem (ITP) for j = 2. Let
w(-, 2),0(-, 2) satisfy (6) if zo € 0Dy and (7) if z9 € 0D, and w, is defined by (8).
Then there exists a positive constant C' such that:

(1) Re(W. —w;)(z)| < Cln|z — 2|
(2) Im(W; —w;)(z)| < C

Similar results can be stated if G (-, z) is used in the right hand side of the
far field equation (4). Indeed, in the latter case we need to take the rotation
transforming v(zg) to the vector (1,0) and state the problem in the half plane
R? := {x € R?: z; < 0}. Obviously, in (6) and (7) 0/0%, is replaced by 9/0%;.
Before proceeding with our main result, we mention that the long technical proof
of Theorem 2.2 is based on a detailed asymptotic analysis of Green’s function as-
sociated with the interior transmission problem (ITP) which is also investigated in
[21] (the latter is an important result on its own).
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Now we are ready to state our main result which together with Theorem 2.1
provide the foundation of our reconstruction scheme.

Theorem 2.3: Assume that k is not a transmission eigenvalue, a, n and 0D
satisfy the assumptions stated in Section 1 and there exists a constant v > 0 such
thata>1+~vor0<ag<a<l—vyinD. Let Wz(j), Vz(j) be the solution of (ITP)
and v(zp) be the outward normal vector at zo € 0D . Then for z € D we have

(1)

lim

2=z |In|(z — 20) - V||f

for se(0,1) (9)

W) [0 ifz e dD;
oo if zg € D,

(2)

~v;(20) In|(2 — 20) - v(20)]
=% rlm(WY(2))

for zp € 0D, (10)

1 . vi(20)
aGo) 71 = 7 oD 1
a(zp) + 1 zl—>n;0 47TRe(Wz(])(Z))(Z ) () for zg € . (11)

(4)

Re(WV (2)) 1 1

z—2o R W(z) RG(W(I)(Z)) 2’:l: Re(W(l)(Z)) i
W\ 1+ [ Rl | | 1+ (Rl

(12)

and the sign is chosen so that v(zg) is oriented outside D.

Proof: To proof the theorem we need to study the asymptotic behavior of WZ(J )
for z near a fixed point zy € 0D. To this end, we proceed in two steps. First we
derive an explicit form of the solution of the transformed problems in the half
plane. Then we combine these explicit formula with the results of Theorem 2.2 to
compute 7(zp) if 29 € 0D, and a(z) if zg € IDy.

Step 1: The derivation of explicit formulas for w and v. Our goal at this point
is to construct explicitly local solution to (6) and (7). To this end, for sake of
presentation, in the following calculations we simply use x = (z1,22), 2 = (21, 22)
instead of Z = (Z1,Z2) and Z = (21, 2Z3), respectively, and w,,v, instead of the
solutions w(-, 2),0(+, Z) to (6) and (7). However, at the end the final results will be
formulated in terms of the original notations.

By linearity, it suffices to compute separately the solutions v¥) and w®) (6) and
(7) where VI'(-,2) - 7 is replaced by 0z;I'(z,z) with j = 1,2, respectively. We
represent both fugj ) and ng ) using the Poisson operators:

G . L
v = o

[ emeretloe, e (13)
R
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. 1 .
Wb im oo [ cimernly(e, 2)ds. (14)
T JR
Let us first consider 0,,I'(z, z) and representing it as
1 .
0y, T(x,2) = —— [ @) (@=2)lEge (15)
4 R

The following computations can be justified in a similar way as in [22].
First substituting (13), (14) and (15) in
2 —w® =9,,T(2) for x5 =0

vl

implies that
1 —iz16—22€]
p—1 = —35¢ . (16)
Substituting (13), (14) and (15) in

vt

0 (w® + 8,,T(-,2)) for x5 =0

2) — (wg) + amzr($vz)) = _’”787
2

yield

1 iza€ L izl 1 i1 €+ 2 €] i1 €4 2al€|—izi€ L
o= | e o—yp e T TERdE = —in— | [E]eT TR [Eler TR S dg
27T R 2 27T R 2

which gives

qb _ ¢ + le—imf—zz‘ﬂ — ,”7 <_|£|¢ _ @e—im{ﬁ-z‘zﬁ)
2 2

and then
1 .
—(1 =)y + ¢ = —5(1+in!§\)e"zlf+zﬂs\, (17)

Similarly, from the second transmission condition in both (6) and (7)

0 0 0o 0

A —Vy — — Wy = ———1 (-, %2
61‘2 81’2 81’2 ’ )

61‘2

for x9 = 0 we obtain that
1 —iz1&+22€]
(ap — ) = 3¢ . (18)

We first consider the solution of the problem (7). To this end, combining (17) and
(18) we now have that

)= _1 (CL + 1) + zan|£| e—i21§+z2\5\
2(1—a)+ianl¢|

(19)
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Substituting (19) in (14) gives

1 (a+1)+ianlé| ;i —
(2) - = i(z1—21)€+(z2+22) €]
@) = U a Tiank| dz.

Hence, simple calculations shows that

1 [ (et ) e o,
A7 Jr (1 —a) + ian|]

400 227 +oo

a e 1

- —— / ——dr 6222rd7‘
o

s 1—a)+iagr 27 J,

wl® (2) = Eldg

a /—I—oo e2z2r 1
) [
mJo (1—a)+ianr Az

But we have that

/+OO Ldr = /OO 1=a) - fam e2#" dr
o (1—a)+ianr o (1—a)?+ (an)*r?

. PR 0777“ 2251
— 1) — 2 .
o) /0 T=ar + @pre’ o

By straightforward computation we obtain that

> anr 22571 <= _ 3
/0 a2+ (an)2r2e dr =0(1) o In(z2).

Hence,

Rew,(f)(z) = -+ O(In|z|), for z near 0

- 471'22

Imw,(zz)(z) = —ﬁ In(|22|) + O(1) for z near 0.

where w,(zz),vgz) solve (7) if VI'(-, 2) - 7 is replaced by OxoI'(z, 2).

Next, we consider (6). Now, from (16) and (18), we have:

_ L inerap _latl e
By the same procedure as above we obtain that
@)= _0TL / i@ —2)6+(wat )€l g

In particular, by simple calculation we obtain that

@) :aiH/OOQ 2oy — _ O+t
w:"(2) dr(a —1) Jo ¢ " dm(a —1)29’

where w'?, v solve (6) if VI'(+, 2) - 7 is replaced by 0zoI'(x, 2).

URL: http://mc.manuscriptcentral.com/gapa
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Now we use 0,,I'(x, z) and represent it as

1 e (o 3
0, I'(2,2) =1— / ei@i—z1)€—(z2—2)[¢] Sy
Ty g%
Arguing as in the previous case we have that
IRy —r
¢ = =igrgen TR, 22
2l€] (22)
' L8 —inE ]
(L=l + o = §[E+2n§]e 18T E2Is] (23)
and
(ag — ) = _%e—izlam (24)

From (23) and (24) we obtain

o= 1-angl+ilat+l) & _iern
2 (1—a)+ianlé] €] ’

Plugging (25) in (14), we now have

L [ —an+ila+ 1)l & ;o
1) n S iz 21)§+($2+22)|§|d
W@ = | e e <

and hence

Wy L [T oantilat DIEE o,
o6 = | T e

which means that wgl)(z) — 0 where w", ") solve (7) if VI'(+,2) - 7 is replaced

by Ox1I'(x, z). In a similar way it can be shown that
vW(z) =0 (26)

where w,(zl),vgl) solve (6) if VI'(-,2) - 7 is replaced by dz1I'(z, 2).

Finally, from (20), the fact that wgl)(z) = fugl)(z) = 0 and the fact that VI'(z, z)-
T = =0y, T(x, 2)v1(20) + O, I'(z, 2)11(20), by going back to the original notations
we obtain that

Rew(z,2) = valzo) 4 O(In |Z|), for Z near 0
(27)
Imw(z,2) = —%Zo)ln(lig\) + O(1) for Z near 0

where w(Zz, 2) and 9(Z, Z) is a solution of (7). Similarly, from (21) we obtain that

ZZ)(Z 2) _ ((1 + 1)1/2(Z0)
’ Am(a — 1)z - va(z20)

(28)
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where w(Z, 2) and ©(Z, Z) is a solution of (7).

Obviously, in a similar way, in the case where the far field pattern of G(V) (z,2) is
used on the right hand side of the far field equation instead of G(?)(z, 2), we obtain
the following formulas

Rew(z,2) = “lzo) 4 O(In |Z|), for Z near 0

47'('21
(29)
Imw(z,2) = —”175727“) In(|Z1]) + O(1) for Z near 0
and
iz, 5) = —at Do) (30)

dm(a — 1)z - v1(20)
for the part w(Z, Z) of the solution of (7) and (6), respectively.

Step 2: Reconstruction of 0D, and 0Dy parts of the known boundary 0D and
formula for n|sp, and a|sp,. Having computed the explicit solution of the problems
in half plane we are ready to prove the results of the theorem by using Theorem
2.2.

We proceed with the reconstruction of the support of the coating 0D, and point-
wise computation of 7|gp.. To this end let Wz(] ), Vz(j ) 7 = 1,2 be the unique solution
of (ITP) corresponding to G(j)(a:,z) for 7 = 1,2, respectively. Transforming back
(27) to the original local coordinative system near zp, and using Theorem 2.2, we
have that

vj(z0)
dm(z — z0) - v(20)

Re(WY)(z)) = + O(In |z — 2|), for z near z (31)

Im(WU)(2)) = —Vj(zo) In|(z — 20) - ¥(20)| + O(1), for z near zp € D, (32)
m

where j = 1,2. Doing the same for (28), we have
Im(WU)(2)) = O(1), for z near zy € D, for j =1,2. (33)

Hence from (32) and (33), we can distinguish 0D, from 9D; using the following
criteria

(34)

lim lim = oo if zg € 0D,

[Tm(vy;. (2))] {0 if 29 € 0D,
z—2z0 €—0 ’111 ’(Z — Z()) : I/Hs

for every s € (0,1). Next, from (31), we obtain that

Re(WiV(2)) _ wi(z0)

lim =

z7%0 Re(Wz(z)(z)) va(z0)

Setting ¢ := % and using the relation v1(20)% + v2(20)? = 1 we have that
va(z0) = 4/ # and therefore v(zg) = (£t HLt?’ + HLt?) hence we obtain the
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following formula for the normal vector in terms of W?, for 71=12

Re(WiY(2)) 1 1

=2 |~ Re(W(? Re(W<" (2)) o Re(W:V(2))]?
W)\ 14 [Ny [

(35)

Note, that the sign is uniquely determined from the fact that the normal vector
is oriented outward to the reconstructed boundary. Finally, from (32), we deduce
that

—v;j(20) In|(z — 20) - v(20)]
=0 WIsz(j) (2)

j=1,2. (36)

Finally we turn our attention to computing a(zp) for zp € dD;. From (28) by
going back to the original local coordinative system near zy and using Theorem 2.2
we obtain that

a(zg) — 1 4 va(20) (37)
a(z0) +1 47 lim Wz(z)(z)(z — 2p) - v(20)

Similarly, using (30) we also have
a(z0) +1 47 lim Wz(l)(z)(z — 20) - v(20)

In particular, the slope of the normal vector can alternatively be computed by

vi(zo) . W)
va(20) Zh_’n;“ Wz(z)(z)' (39

This ends the proof of the theorem. O

Combining Theorem 2.1 and Theorem 2.3 we established a procedure for solving
the inverse problem. Let 9,92 € L?(Q), j = 1,2 be the approximate solution of

the far field equation (4) given by Theorem 2.1 and let v6) be the corresponding
Herglotz function. If Wz(j ), V;(j ) j = 1,2 is the unique solution of (ITP), from
Theorem 2.1 we have that for z € D, lim._g Vo) () = Wz(j)(z). Using this in
Theorem 2.3 we have the following reconstruction zﬂgorithm:

The Reconstruction Algorithm

(1) The boundary 9D can be characterized as the set of points z € R where
the L?(Q)-norm of 92]2 start to blow up.

(2) Having reconstructed 0D the coated portion 0D, can be distinguished from
0Dy using the following criteria

lim li -
o en0In |(z — 20) - v

I jie i
| m(vgz (2)] B {0 if z9 € 0Dy for € D (40)

oo if zg € 0D,
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1 for every s € (0,1).
é (3) The surface conductivity 1 on the coated part D, can be computed by
4

—v;j(20) In|(z — 20) - v(20)|
5 zg) = lim v3(z0) for zg € 0D,. 41
3 1) = o T () 0 0 € OPe (Y
7
g The index of refraction a on the uncoated part 0D; can be computed by
10
a(zg) — 1 vj(z0)
11 = " " , 20 € 0Dy. 42
12 a(zo)+1  A4wlim,_, lime_q Re(vggl(z))(z —20) - v(z0) (42)
13
14 The normal vector v(zp) is reconstructed by the following formula
15
16
17
Re((v 0 (2)) 1 1

18 v(z) = lim lim | + g.c 5.+ 5| (43)
19 c—0 220 Re((’l)gfg (2)) Re((v @) (2)) Re((v, 1) (2))
20 Re((0,2) () * | Re(o, 1)
21 '
5:23 where the sign is appropriately chosen such that the normal vector is di-
24 rected outward to the reconstructed boundary.
gg Remark 1: Note that (41) and (42) are justified assuming that v’(z) # 0.
27 Hence, since the boundary is not known a priori, in principle we need to solve the
28 far field equation (4) for both cases of the right hand side Gg%)(-,z).
gg Remark 2: Theorem 2.1 in fact provides a characterization of the boundary from
31 the behavior of v,6) in terms of a norm that depends on the unknown region D and
32 this can not be used in practice. Instead the linear sampling method characterizes
33 the obstacle by the behavior of g?@ In practice, the approximate solution of the far
34 field equation is obtained using the Tikhonov reqularization combined with the Mo-
35 rozov discrepany principle. In general, an open question is whether this regularized
g? solution behaves in the same way as vu) given by Theorem 2.1. However, [1], [2]
38 have mathematically justified that, in certain cases, applying a regular requlariza-
39 tion technique to the far field equation leads to a solution g that exhibits the desired
40 behavior.
41
42
43 3. Numerical examples
44
32 In this section we shall present some numerical tests of the inversion scheme using
47 synthetic far field data. For a given scatterer, the far field data is computed by
48 using a cubic finite element code to approximate the near field and then employing
49 a near to far field transformation [20] to compute the far field. The finite element
50 computational domain is terminated by a rectilinear perfectly matched layer using
51 a linear absorption function in the layer [10].
52 Having computed approximate values of the far field pattern at N uniformly
53 spaced points on the unit circle for N incoming waves we have an N x N matrix
gg F of approximate far field data
gs Fnn = Uh oo(dm, dy), where d,, = (cos(2m(m — 1)/N,sin(2x(m — 1)/N) T
58
59 for 1 <m,n < N, where uj,  is the finite element far field pattern. We add further
60
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noise to F,, , to obtain

(fe)m,n = m,n(l + 6Sm,n)

where &, , are complex numbers with real and imaginary part random numbers in
[—1,1]. In this study we choose € = 0.02. To set up the discrete version of the far

field equation we need to compute the far field pattern Gg,) (z,z) of

' 9 i, ik H{" (k|z - 2|) .
G](x’z):%szO (k|x_z|):_ZW(:Ej—zj), j=1,2.
For a given sampling point z, the discrete far field equation is then to compute
d=1(91,92,-..,9n) such that

F.j=b where by =GY(dpn,z), 1<m<N. (44)

This ill conditioned problem is solved approximately using the Tikhonov regular-
ization and the Morozov discrepancy principle as described in [11]. The regularized
solution § = (¢1,92,...,9n) of the far field equation and the corresponding Her-
glotz function are the basic ingredients of the reconstruction scheme as stated at
the end of Section 2. The numerical study of this complex problem presented here
is preliminary and by no mean comprehensive. There are open questions especially
related to stability and the best implementation strategy, and more numerical ex-
periments are needed.

We limit our discussion to two type of scatterers: a disk with radius R = 0.4 and
an ellipse given by x = 0.3cos(s) and y = 0.2sin(s), s € [0, 2x]. Both scatterers
maybe uncoated, fully coated or partially coated. The index of refraction a > 0
inside the scatterer and the surface conductivity 7 > 0 are assumed to be constant
as will become precise during the discussion. In all our examples we fix £ = 5. Note
that a and n depends on the frequency also.

3.1. Reconstruction of the support D

We start by using the modified linear sampling method to approximate the bound-
ary of the disk. Note that the difference of our approach from the standard linear
sampling method is in the right hand side of the far field equation (4). We recall
that for the reconstruction of D one could use in the right hand side of (4) the
far field pattern of the fundamental solution as in [7]. However, in order to recover
1 and a a more singular behavior of the imaginary part of the Herglotz function
is needed. Having solved the far field equation for g, we compute 1/||§||s2 for z
on a uniform grid in the sampling domain. In the upcoming numerical results we
have arbitrarily chosen N = 61, and we sample on a 101 x 101 grid on the square
[—1, 1] x [-1, 1]. In Figure 1 (a), (b) we have plotted the level curves 1/{|§]|;z= = C
using the MATLAB contour command for the fully coated disk and ellipse both for
a = 1.5 and n = 0.2. In Figure 2 (a), (b) and (c) we show the reconstruction of the
ellipse partially coated on the lower part. One observes the enhancing scattering
effect of the thin conducting coating. In particular in the panel (c), although the
contrast 1 — a = 0.1 is very small, the lower part of the ellipse is still visible due
to the presence of the coating. Note that if 7 is large enough (how large depends
on the frequency and the skin depth) the coating portion behaves as a perfect
conductor.
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Unorm(g)

nom(g)

Figure 1. Panel (a) shows the reconstruction of the fully coated disk. Panel (b) shows the reconstruction
of the fully coated ellipse. In both n = 0.2 and a = 1.5 and red thick line indicates the true obstacle.

(a) (b)

(c) (d)

Figure 2. Panel (a) shows the reconstruction of the partially coated (on the lower half) ellipse with
a = 0.25 and 7 = 0.2. Panel (b) shows the reconstruction of the partially coated (on the lower half) ellipse
with @ = 0.25 and 1 = 1. Panel (c) shows the reconstruction of the partially coated (on the lower half)
ellipse with a = 0.9 and n = 0.2. The graph in panel (d) shows the behavior of |Im(vg(2) (2))| at the coated

z
and uncoated boundary points for the ellipse reconstructed in panel (b). In particular, the solid blue graph
shows a plot of |Im(v (2)(2))| as z approaches the point (0,0.2) (on the uncoated part) in the vertical
g

direction whereas the dash red graph shows a plot |Im(vg(2) (2))| as z approaches the point (0, —0.2) (on

the coated part) in the vertical direction

3.2. Reconstruction of the normal vector on 8D

Having computed the regularized solution of (44) we have a discrete level set func-
tion 1/||G||¢z. Choosing a contour value C' then provides a reconstruction of the
boundary 0D of the scatterer. Obviously, the choice of C' is very important. Up to
date there is no mathematical criteria how to choose C' and in general an ad-hoc
procedure is implemented. Usually, the chosen C'is picked by

C = 6(max(1/||g]))) + (1 — ) (min(1/[|g]}))
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=

Figure 3. The right plots show the reconstruction of both components of the outward unit normal vector
to the ellipse reconstructed in Figure 1 (b). The reconstructed normal components are presented by the red
solid graphs. The blue dash graphs show the correct normal vector. We use the reconstructed boundary
points which lie on the level curve presented by the red solid line on the corresponding left plot. The dash
blue line on the left plots denotes the exact boundary. The respective L2-error for the normal reconstruction
in each of the three cases is 3.338, 0.1971 and 0.7445. In the two bottom cases, the exact normal vector
and the reconstructed one are almost indistinguishable.

for some 0 < # < 1. For an appropriate choice of C, the boundary points are the
points z on the grid such that 1/||g|| = C. For each point in the set of (recon-
structed) boundary points we can now use (43) to evaluate the outward normal
vector to the boundary. This is an important step of the algorithm since the normal
vector appears in the reconstruction formula for a and n. In Figure 3, we show our
results on normal reconstruction for the case of the fully coated ellipse with a = 1.5
and n = 0.2.

3.3. Detecting boundary coatings

Next we test (40) which provides a criteria to distinguish between a coated and
uncoated part of the boundary of the dielectric medium. This needs the evaluation
of the Herglotz function v,_, having available the kernel g at NV points on the unit
circle. This task is done by using Rieman sums with N colocation points. Panel
(d) in Figure 2 shows the behavior of \Im(vgg) (2))| as z goes through the uncoated
boundary point (0, 0.2) and coated boundary point (0, —0.2) of the partially coated
ellipse reconstructed in Figure 2(b). One observes the behavior predicted by (40).
In Figure 4 we show plots of [Im(vy.(2))| for sampling points z in the grid in the
case of the disk. In particular, panel (a) corresponds to the plot of [Im(vg(2))|
for the fully coated disk. In this case, as discussed in Remark 1, no information is
obtained near points where 1 = 0. Thus both |[Im(vg:(2))| and [Im(vg2(z))| need
to be considered and this is done in the plot shown in panel (b). Panel (c) instead,
corresponds to the case of the uncoated disk, therefore [Im(vgy, (2))| remains very
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Figure 4. Panel (a) shows a plot of |Im(vg(1) (2))| for the coated disk with a = 1.5 and n = 1. Panel (b)

z

shows a plot of \Im(vg(l) ()] + \Im(vg(g) (2))] for the coated disk with a = 1.5 and n = 1. Panel (c) shows
a plot of |Im(vg(1) ()| + \Im(vg@) (2))] for the uncoated disk with a = 1.5.

g€ 8 § § &

&

8 g

small near the boundary.

3.4. Reconstruction of a

Having reconstructed the shape and the normal vector together with the support
of the coating, we now use (42) to recover the index of refraction on the uncoated
part of the boundary. In the current examples we reconstruct the constant index
of refraction a of an homogeneous isotropic medium. This constant a is estimated
by

a—1 . vj(20)

~ 1 i—=1.2 45
a+ 1 z1—>HZ10 47TR,€(’l)g£j) (Z))(Z — 20) A V(ZO)’ J ) ( )

where zp is any point on the uncoated part of the boundary and v, (z) is computed
as explained in Section 3.3. We remark that the implementation of (45) suffers an
additional numerical instability due to the fact that in practice Re(vy, (2)) becomes
finitely large near the boundary whereas (z—zg)-v(29) is infinitely large. This insta-
bility issue requires further numerical study. In the current numerical investigation
we deal with it in an ad-hoc manner, namely by truncating the power series ex-
pansion of 1/(z — zg) - ¥(zp). In particular, in the upcoming examples we consider
10 terms in the power series (this can also be seen as a sort of regularization by
truncation!). Reconstructions for the disk shown in Figure (5) (a) are done by let-
ting z approach zg = (0.4795,0) (note that the exact boundary point is (0.4,0)) in
the horizontal direction, thus we use 17 in the formula. However, we obtain quite
similar results by approaching the boundary points in the radial direction, since
the isolines 1/||g]] = C are almost circles. The results for the ellipse presented
in Figure 5 (b) are computed by approaching the (reconstructed) boundary point
2o = (0.3495,0) (the exact boundary point is (0.3,0)) in the horizontal direction.
In both examples, the results become worse as |a — 1| increases meaning as the
scatterer becomes stronger.

3.5. Reconstruction of n

Using (41) it is now possible to estimate pointwise the surface conductivity 7 on
the coated part of the boundary. In particular, in this numerical study the constant
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Circle R=.4, observed values at r=.4795 (560), k=5 rec for al, boundary at R=3 (heta=0), and vlues obtaned at =495

0z 04 06 08 1 12 14 16 18 2 22

(a) (b)

Figure 5. Panel (a) shows the reconstruction of a range of a for the uncoated disk. Panel (b) shows the
reconstruction of a range of a for the uncoated ellipse. The dots represent the reconstructed value of a
versus the exact value. An exact reconstruction would lie on the solid line.

eta rec at exact boundary for circle (no rescale) 1 reconstructed for ellpse at =.3745

() (b)

Figure 6. Panel (a) (panel (b)) shows the reconstruction of a range of n for the fully coated disk (fully
coated ellipse) using zg = (0.4, 0) (20 = (0.3745,0)). The dots represent the reconstructed value of n versus
the exact value. An exact reconstruction would lie on the solid line. Here a = 1.5.

conductivity is approximated by

0~ lim —I/j(Z())ln‘(Z—ZO)-I/(Z())‘7 =12 (46)
z—20 wIm(vgg) (2))

where zy is any point on the coated part of the boundary. Numerical results for
the fully coated disk and the fully coated ellipse are shown in Figure 6 (a) and (b),
respectively. In the case of the disk we take the exact boundary point zy = (0.4, 0),
whereas in the case of the ellipse we take zg = (0.3745, 0) (the exact boundary point
would be (0.3, 0)). Similar to Section 3.4, in (46), we replace vj(zo) In |(z — 29)| by
10 terms in its power series expansion. In general, the reconstruction of large 7
are worse since large n correspond to thick impenetrable coatings. This fact was
also observed in [7]. As a heuristic possible way to improve the reconstruction
due instability, we suggest a kind of post processing of the reconstruction results.
More precisely, one could scale reconstructed values of i with an appropriate fixed
constant chosen by correcting one value of 7 synthetically simulated for a given
shape, coating support and a. The plot in Figure 7 is a scaled version of the plot
in Figure 6 (b) where we have corrected the value of n = 0.1.

Finally, for the partially coated (on the lower half) ellipse we used (45) and (46)
to reconstruct both n and a. The results for several combinations of 1 and a are
shown in the table in Figure 7
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Exact Reconstructed
1, a 1, a
0.1, 1.1 | 0.2204, 1.1407
0.1, 1.5 | 0.1727, 1.9848
0.2, 1.5 | 0.2892, 1.8904
1, 1.5 1.3147, 1.8601
Figure 7. The table shows reconstructed values of 1 and a for the partially coated ellipse.
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