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Definition. Let a < 29 < 71 < ... < 2, < b. A formula of the form

=" wf(xx)
k=0

b b
/ f(x) dz = QL) + ELf), ( / f(z) dz ~ Q[f)

is called an quadrature formula (numerical integration).

E[f] is called the truncation error of the quadrature.

T, T1,---, T are called the quadrature nodes and wg, w1, ..., w,, are called the weights.
Definition. The degree of precision of a quadrature formula, n, is the positive integer number such
that E[Py(x)] = for all polynomial of degree k < n, but E[P,41(z)] # 0 for some polynomial of
degree n + 1.

If quadrature formula derived by polynomial interpolation of f on [a,b] using the equally-spaced
nodes with xg = a and x,, = b, then resulting formula is called a closed Newton-Cotes quadrature.
Let T = Tg + k‘h, k= 1,2, ... and fk = f(xk.), k= O, 1,

The first four closed Newton-Cotes quadratures are

such that

1. Trapezoidal Rule (f € C?[a,b])
g h h
| #@ o=t )= (170, n=1
2. Simpson’s Rule (f € C*[a, b))

[ rw =g asir g - o0, n=3

3. Simpson’s 2 Rule (f € C*[a, b))
h h?
/ flx dSCfB (f0+3f1+3f2+f3)*37f (¢)y n=3
4. Boole’s Rule (f € C%[a, b))

/ f(x (7f0+32f1+12f2+32f3+7f4)f%f@() n=>5.

Composite Trapezoid Rule Let 29 = a, xp = a+ kh, and f; = f(zx), k =0,1,...,m, where
h = %2 Then

b m—1 _a 2
[ f@ras =[50+ sy 40 Y 5| - C
@ k=1



where ¢ in (a, b).

Composite Simpson’s Rule Let g = a, zp = a+ kh, and fi = f(zr), k=0,1,...,2m, where

h = %2, Then

b m— B A
/ f(a) dv = |: (fo + fam) + ?h E Qk—‘r— E Sfor— 1:| —T%)h
¢ k=1 -

where ¢ in (a, b).

(e,

Composite Simpson’s 2 Rule Let zg = a, x, = a+kh, and fi = f(zx), k=0,1,...,3m, where
8

h = . Then

/ f(z { > (fse—3 + 3fae—2 + 3fau— 1+f3k):| ~ %
k=1

where ¢ in (a, b).
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D (e),

Composite Mldpomt Rule (open formula) Let zyp = a, xp = a+ kh, and f, = f(xg), k=

0,1,...,2m, Whereh— =2, Then

/a " fla) da = [2h é fzkl} 4 Wf”(d,

where ¢ in (a, b).
Romberg Integration

Romberg integration uses the Composite Trapezoid rule to give preliminary approximations and

then applies the Richardson’s extrapolation to improve the approximations.

general recursive formula is (for k=1)

2i—2
1 .
Rjr=Rj = iiju + Z fla+(2i —1)hy)
i=1
and for & > 2
Ry — 4* 1R 1 - Rj_1x— 1
ik =

4k=1 1
Legendre Polynomials. For positive integer n:

1 d*

pr(z) = Qkk'dac’f(( 21", k=0,1,...,n

is orthogonal set of polynomials on [—1,1].
Gauss-Legendre quadrature.

-1 k=1

j | hj=0b-a)/2! Rj1- Trapezoid O(h?) Rj>- Simpson’s O(h?) Rj3- Boole’s O(hS)

1 hi=(b—a) Ri1 = (h1/2)(f(a) + f(b)) —

2 he =(b—a)/2 Ro1 = R11/2+ haf1 Rop = (4R21 — Ry1)/3 —

3| ha=(b—a)/4 | Rs1 = Roa/2+ha(fi+ f3) | Rsa = (4R31 — R21)/3 | R3z = (16R32 — R23)/15




where x4, ..., x,, are roots of m th Legendre polynomial and

1
wy, = / Li(z) dz, k=1,2,..m.

-1
Here, Li(z) is Lagrange polynomial;

(x = 1) (@ = 4m) (@ = Tpp1) - (& — )

Lk(x) = (mk _ 371) .. (l’k — l‘kfl)(xk — J}k+1> s (l‘k - xm).

On a general interval [a, b]:

/abf(x) dx—/llf((ba)t2+b+a>b2a gt




