Initial Value Problem.
Math 353 Section 12, Fall 2008, University of Delaware

Let consider a first order initial value ordinary differential equation

y' = f(ty), y(a) =ya, a<t<h (1)
One step constant step size methods.

We want to find approximations to the solution of (1) at tx = a+ (k. — 1)h, (k =1,2,....,m+ 1),
where h = (b—a)/m. Numerical methods will produce a discrete solution of (1) ¥ = (Yo, Y1, -, Ym) "
such that yo = y, and yx = y(tx), k=1,2,...,m.

Euler Method (explicit).

Yo = Ya, Yk+1 = Yk + h’f(tkvyk)v k= 07 ]-7 cey o — 1.
with a global error bound
Mh
E(BL(tra) —1)=0(h)
where L is a Lipschitz constant of f(¢,y) in the variable y and M = maz,<.<p|y”(c)].
Euler Method (implicit).

gr = ly(ts) — yal <

Yo = Ya, Yk+1 = Yk + hf(tk+17yk+1)7 k= O; 17 sy T — 1.

Taylor method of order n.

h? h™
Yo = Ya, Zlk+1:yk+hf(tk7yk)+?fl(tkayk)++ﬁf(n 1)(tkayk)7 k:Oala"wm_l'

Here, f@(t,y), i =1,2,...,n — 1, denotes the i-th total derivative of f(t,y(t)) with respect to t.
Theorem. If Taylor method of order n is used to approximate the solution of (1) with step size h
and if y € C"*1[a,b], then

er = O™, go=y(te) —yxl = O(R™), k=1,2,...,m.

Runge-Kutta method of order 2 (midpoint method).

h h
Yo = Ya, Yk+1 = Yk + hf(tk: + §7yk + Qf(tk7yk?))7 k= 07 17"'7m - L

Runge-Kutta method of order 2 (explicit trapezoid).

2
Runge-Kutta method of order 4 (RK4).

h
Yo = Ya, Yk+1 = Yk + (f(tlwykr) + f(tk) + h7yk? + hf(tk?ayk))>a k= 0717"'7m -1

h
Yo = Ya, yk-‘rl:yk+g(fl+2f2+2f3+f4)a k:();lv“ﬂm*la
where
h h
flzf(tkayk)v f2:f tk+§ayk+§fl y

fom £ (1 ot A ). o= Stk b+ )



Variable step size methods

Bogacki-Shampine order2/order3 embedded pair (ode23-MatLab command).

h
Yo = Yas Yk+1 = Yk + (7f1 +6f2+8f3+3fa)

and
20 = Yas k41 = 2k + = (2f1+3f2+4f3)
where
1= f(tr, yr)s (tk+ Yk + f1)
f3=f(tk+ 7Z/k+f2> f(tr +h, zi41).

The error is for step-size control is

ek = |2pr1 — Yrr1l = 55| = 5f1 +6f2 +8f3 — 9f4l.

72
Dormand-Prince order4/order5 embedded pair (ode45-MatLab Command).
5179 7571 393 92097 187
= Yo Berr =y S hi-
Yo = Yar Ykt1 =Yk + <57600f1 * 166957 T 62071 ~ 33920077 2100f6 + f7>
and 35 500 125 2187 11
20 = Ya, Zk4+1 =2kt h(384f + ﬁfS + @fzi - @J% + 84f6>
where
h h
fr=Feyn), fr=fltet oot ph1);

3h 3h 9h 4h 44h 56h 32h
fz= f(tk tiguet %fl + 40f2), fa= f(tk et 7f1 - 7f2 f?,)
8h 19372 25360 64448 212
fs—f(thrg,yk h( esel .~ 2187 2 eret f3729f4>>

9017f _@f 46732f - 9f 5103
3168 33 5247 7% 1767* T 18656

Multi step methods

f6:f<tk+h yk+h< f5>>7f7=f(tk+h,zk+1)-

General formula for linear s step method is

Ykt1 = Zazyk it+h Z by f (tk—js Y—j)-

j=—1

If b_; = 0, then it is called explicit (forward) multi step method.
If b_1 # 0, then it is called implicit (backward) multi step method.
Adams-Bashforth two step method (second-order).

1
2f(tk—1,yk—1)), k=1,2,...m—1.

3
Y1 = Yk + h(2f(tk7yk) -



Adams-Bashforth three step method (third-order).

h
Yk+1 = Yk + E(23f(tkayk) —16f(th—1,yx—1) + 5f(tk—2,yk—2)), k=2,3,....,m—1.

Implicit trapezoid method (second-order).

h
Yk+1 = Yk + §(f(tkayk) + f(tk-‘rl?yk-i-l))a k= 07 17 sy — 1

Adams-Moulton two step method (third-order).

h
Yk+1 = Yk + E(Bf(tk+lyyk+1) +8f(tr,yr) — f(to—1,9%-1)), k=1,2,..,m— 1.
System of first order ordinary differential equations.
yi = fl(t7y17 -~-72Un)7 yl(a) = Y10

y;; = fn(tvyla "'7yn)7 yn(a) = Yno
a<t<hb.

Let define y(t) = (y1(t), ..., yn(t))T : R +— R™ a vector valued function and
F(t,y1, . tn) = (f1(t,4), .oy fult,y)) + R R™ a vector function, then (2) can be represented
in a vector form

D) = Fitv). v(a) = o, v00) T a <1<,

Methods for a single differential equations can be extended for system of differential equations in a
vector form.
Euler method (vector form).

Yo = (Y10, ...7yn0)T, for k=0,1,2,...,m — 1 (number of the nodes) :

Yik+1 = Yik + fi(tk, Y1k, - Ynk), ¢ = 1,2,...n (number of the equations),

where yir = y;(tx), i =1,2,..,n, k=0,1,...,m.
Runge-Kutta method of order 4 for system of 2 differential equations (vector form).

Yo = (ylo,ygo)T, fork=0,1,...m—1 :

h h
Yik+1 = Y1k + E(fll +2fo1 +2f31 + fa1), Yort+1 = Yor + g(le + 2f20 + 2 f30 + fa2)

where
Ji1 = filte, yirsy2r), Ji1 = fa(tr, Yk, Yor ),

h h h h h h
for=h (fk + 50 Y1k + §f11,y2k + 2f12>7 fo2 = fz(tk: + 50 Y1k + §f11>y2k + f12>7

2
h h h h h h
fai=nh (tk + 5 Y1k + §f21,y2k + 2f22>7 faa=fo <tk + 5 Y1k + §f217y2k + 2f22>,

Ja = filte + hyyie + hfsr, yor + hfs2), faz = fa(ti + R, yik + Rf31, yor + hf32).



Higher order equations
Let consider n-th order a single ordinary differential equation

y™ = f(ty. s y™ ), y(a@) = Yoas oy (@) = Ynota, a <t <D

If we define new variables

=y =y, =y y=y"Y,
then (3) will be converted to the following system of differential equations
Y1 =¥y2, y1(a) = Yoa
Yy =y3, Y2(a) =yia

y;l—l =Un, Yn-1(a) = Yn—2a
y;’l = f(t’yla ~-~7yn—1)7 yn(a) = Yn—1a, @ S t S b.



