
PAR TITION OF UNITY FOR THE STOKES PR OBLEM ON
NONMA TCHING GRIDS

CONSTANTIN BACUTA AND JINCHA O XU

Abstra ct. We considerthe StokesProblem on a planepolygonal domain 
 � R2. We
proposea �nite element method for overlapping or nonmatching grids for the Stokes
Problem basedon the partition of unit y method. We prove that the discrete inf-sup
condition holds with a constant independent of the overlapping sizeof the subdomains.
The results are valid for multiple subdomains and any spatial dimension.

1. Intr oduction

In the present literature the study of �nite element method applied to overlapping
grids is done mainly in the framework of mortar method or Lagrangemultiplier (see
[1, 12, 7]). Using a partition of unity method which hasroots in [2], a new�nite element
discretization for elliptic boundary value problems was introduced by Huang and Xu
in [10]. A signi�cant amount of literature was dedicatedto numerical solutions of the
Stokesproblem (seee.g., [9, 5] and the referencesof this two books). By our knowledge
not to much wasdonefor solving discretization of the Stokesproblem whenoverlapping
grids or nonmatching grids are involved. In this paper, following the ideasof Huangand
Xu, we shall introduce a conforming �nite element method, using a partition of unity
type argument for the steady-stateStokesproblem.

2. The continuous Stokes pr oblem and overlapping subdomains
discretiza tion

Eventhough the resultshold in a moregeneralcontext and for a generaldimension,for
clarity, we present the main ideasof the discretizationmethod in caseof two subdomains
in R2. Let 
 � R2 be a boundeddomain with boundary @
 and let � be a closedsubset
of @
 . By H 1

0(
; �) we denote the closure in H 1-topology of C1 ( �
) functions that
vanish in a neighborhood of �.

The steady-stateStokesproblem in the velocity-pressureformulation is :
Find the vector-valued function u and the scalar-valued function p satisfying

(2.1)

8
>><

>>:

� � u � r p = F in 
 ;
r � u = 0 in 
 ;

u = 0 on @
 ;R

 p = 0 :
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2 C. BACUTA AND J. XU

Let (�; �) 
 , or simply (�; �), denote the L 2(
)-inner product applied to a pair of either
scalar or vector functions. Similarly, let k�k0;
 , or simply k�k denote the L 2(
)-norm.
De�ne V = (H 1

0 (
)) 2 and P = L2
0(
) the subspaceof L 2(
) consistingof functions with

zeromeanvalue on 
. The variational formulation of the problem (2.1) is
Find (u; p) 2 (V ; P) such that

(2.2)
�

a(u; v) + b(v ; p) = (F; v) for all v 2 V ;
b(u; q) = 0 for all q 2 P:

wherea is the Dirichlet form on 
 de�ned by

a(u; v) =
2X

i =1

Z



r ui � r vi dx:

and
b(v; q) = (q; r � v ):

We assumethat the inf-sup condition

(2.3) c0kpk � sup
v 2 V

(p;r � v )
kvk1;


; for all p 2 P;

holds for a positive constant c0. Consequently, there is a uniquesolution (u; p) 2 (V ; P)
of (2.2). Let 
 be covered by a family of overlapping subdomains. For a better pre-
sentation of the main idea, we considerthe caseof two overlapping subdomains with
polygonalshapes. Let 
 1; 
 2 beoverlappingsubdomainsof 
 satisfying 
 = 
 1 [ 
 2 and

 0 = 
 1 \ 
 2, We further assumethat 
 1 and 
 2 are partitioned by quasiuniform�nite
element triangulations T1 and T2 of maximal meshsizesh1 and h2 ( which might not
match on 
 0). Again, just for the sake of simplicity, we assumethat 
 0 is a strip-t ype
domain of width d = O(h1) and that @
 0 is aligned with T1 and T2 (seeFig. 1).
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Figure 1. Overlapping grids
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Next, we let f � 1; � 2g be a partition of unity subordinate to the covering partition
f 
 1; 
 2g of 
, i.e. � 1; � 2 are continuous functions de�ned on 
 such that � 1 + � 2 = 1,
0 � � i � 1, and kr � i k1 ;
 � 1=d. We further assumethat � 1 � 1 on 
 1n
 0 and � 1 � 0
on 
 2n
 0, and � 2 � 1 on 
 2n
 0 and � 2 � 0 on 
 1n
 0.

To obtain a conforming discretization of the variational problem (2.2) we de�ne �rst
the following spaces

Ph i (
 i ) := f p 2 C0(
 i )j pjT 2 P1; T 2 Ti g;

P̂h i (
 i ) := f p 2 Ph i (
 i )j p = 0 on @
 i n@
 g;

V h i (
 i ) := f v 2 (H 1
0 (
 i ; @
 \ @
 i ))2j v jT 2 (P1)2; T 2 Ti g;

where,P1 denotesthe set of polynomials in two variablesof degreeat most one. Using
the above spaces,we are interestedin building stablepairs (V h; Ph), whereV h � V and
Ph � P, i.e., pairs (V h; Ph) which satisfy the discreteinf-sup condition

(2.4) c0kpk � sup
v 2 V h

(p;r � v )
kvk1;


; for all p 2 Ph:

If the above condition is satis�ed then the discretevariational problem:
Find (uh; ph) 2 V h � Ph such that

(2.5)
�

a(uh; v ) + b(v ; ph) = (F; v) for all v 2 V h ;
b(uh; q) = 0 for all q 2 Ph;

hasunique solution and the error satis�es,

ju � uh j1;
 + kp � phk0;
 � C( inf
v h 2 V h

ju � vh j1;
 + inf
qh 2 Ph

kp � qhk0;
 );

with C dependingon c0, but independent of h (or the spacesV h and Ph). In the next two
sectionswe build stable pairs (V h ; Ph) which have alsogood approximation properties.

3. First mini-type st able pair

We introduce a space B of bubble functions associated with the \union \ partition
T := T1 [ T2 as follows. For a triangle T we de�ne the bubble function BT supported
on T as the product of the nodal functions associated with the verticesof T.

If K = T1 \ T2 2 T1 [ T2 we de�ne

BK := BT1 � BT2 :

If K = Ti for someTi 2 Ti , (i = 1; 2), then we just take BK := BTi (seeFig. 2). A
composite, conforming �nite element spacefor velocity can be de�ned by

V h � V h(
) := � 1V h1 + � 2V h2 + B 2:

The discretepressurespacewe associate with V h is

Ph := (P̂h1 (
 1) + P̂h2 (
 2)) \ P:

Let h := h1 � h2 = rh1, for somepositive constant r . Beforewe state the main result
of this sectionwe introducethe following assumption:
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2

Figure 2. Overlapping triangles.

� (A1) There exists a positiv e constan t c such that
jK j �= ch2 for any K 2 T ,

wherejK j denotesthe Lebesguemeasureof K 2 T .

Theorem 3.1. If (A1) is satis�ed, then the pair (V h; Ph) de�ned aboveis a stablepair.

Proof. We will construct two operators � 1 : V ! V h, � 2 : V ! V h with the following
properties:

(3.1) jv � � 1v j1;
 . jv j1;
 ; for all v 2 V ;

(3.2) j� 2(I � � 1)v j1;
 . jv j1;
 ; for all v 2 V ;

(3.3) b(v � � 2v; q) = 0; for all q 2 Ph; v 2 V :

Having constructed � 1 and � 2, the operator � h = � 1 + � 2(I � � 1) satis�es the the
hypothesis of Proposition I I 2.8 in [5], for example, and the inf-sup condition follows
accordingwith this Proposition.

For i = 1; 2, let V i := (H 1
0 (
 i ; @
 \ @
 i ))2 and de�ne � i

1 : V i ! V h i to be good
regularization operators. For example,we can take � i

1 to be Clement-t ype operators.
Thus,

(3.4) kv � � i
1vk0;
 i . hi jv j1;
 i ; for all v 2 V i ;

and

(3.5) jv � � i
1v j1;
 i . jv j1;
 i ; for all v 2 V i :

We de�ne � 1 as follows:

� 1v := � 1� 1
1(v j 
 1

) + � 2� 2
1(v j 
 2

)
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Note that v j 
 i
2 V i and � 1v 2 V h. Thus � 1 is well de�ned. In order to simplify

the notation we denote � 1
i (v j 
 i

) simply by � 1
i v. Next, we verify that the operator � 1

satis�es (3.1). We will prove �rst that

(3.6) kv � � 1vk0;
 . hjv j1;
 ; for all v 2 V :

Indeed,

kv � � 1vk0;
 =












2X

i =1

� i (v � � i
1v)












0;


�












2X

i =1

� i (v � � i
1v)












0;
 i

�
2X

i =1




 v � � i

1v





0;
 i
.

2X

i =1

hi jv j1;
 i . hjv j1;
 :

The justi�cation of (3.1) is alsostraightforward.

jv � � 1v j1;
 �
2X

i =1

j� i (v � � i
1v)j1;
 i �

2X

i =1

jr � i (v � � i
1v)j0;
 i +

2X

i =1

jv � � i
1v j1;
 i

. d� 1
2X

i =1

jv � � i
1v j0;
 i +

2X

i =1

jv j1;
 i . jv j1;
 :

Next, we de�ne � 2. For v 2 V and K 2 T de�ne

� 2v jK := � BK ;

where� =
�

� 1

� 2

�
is determinedsuch that

R
K (v � � 2v) dx = 0 i.e.,

� =

R
K v dx

R
K BK dx

:

For v 2 V and q 2 Ph we have

b(v � � 2v; q) = � (v � � 2v; r q) = �
X

K 2T

r q
Z

K
(v � � 2v) dx = 0:

Thus (3.3) holds and to end the proof we have to verify that (3.2) holds. Let us note
that

(3.7) j� 2v j1;K . h� 1jv j0;K for all v 2 V :

The proof of (3.7) is a consequenceof the following two estimates.

j� 2v j21;K = (� 2
1 + � 2

2)
Z

K
jr BK j2 . j� j2jK jh� 2;

and

j� j2 =
j
R

K v dxj2

j
R

K BK dxj2
.

jK jj v j20;K

h4

Thus, from (3.7) and (3.6) we obtain

j� 2(I � � 1)v j21;
 =
X

K 2T

j� 2(I � � 1)v j21;K .
X

K 2T

h� 2j(I � � 1)v j20;K . jv j21;
 ;

which provesthat (3.2) holds and concludesthe proof of the theorem. �
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Remark 3.1. In the special casewhenany K 2 T is a triangle in either T1 or T2 (any
T1 2 T1, T1 � 
 0 is an union of triangles of T2 and any K 2 T which is not subsetof

 0 belongsto either T1 or T2), we havethat (A1) is satis�ed. Moreover we have

� (A1)' There exists a positiv e constan t c such that
jTi j �= ch2

i for any K = Ti 2 T .
Following the proof of the above theorem in this particular case, we deduce that the
constants which are involved in (3.1) and (3.2) are also independent of the ratio r =
h2=h1. Consequently, the inf-sup condition holdswith a constant independent of h2; h1

and r .

Remark 3.2. According with [10] the space V h hasthe followingapproximation property:

inf
v h 2 V h

kv � vhk1;
 . h1kvk2;
 1 + h2kvk2;
 2 ; for all v 2 (H 2(
) \ H 1
0 (
)) 2:

If P̂h1 (
 1) + P̂h2 (
 2) is a linear space which contains the constant function then, by
standard �nite elementtools, we havethat the space Ph hasthe following approximation
property

inf
ph 2 Ph

kp � phk0;
 . h1kpk1;
 + h2kpk1;
 ; for all p 2 H 1(
) \ L2
0(
) :

Therefore the pair (V h; Ph) hasgood approximation properties and is a stablepair.
On the other hand, if P̂h1 (
 1) + P̂h2 (
 2) is a linear space which does not have good
approximation properties we can consider for the discrete pressure space Ph a partition
of unity type space and modify accordingly the velocity space. This is the subject of the
next section.

4. Second mini-type st able pair

A discretepressurespacePh with good approximation properties(see[10]) is the space

Ph := (� 1Ph1 (
 1) + � 2Ph2 (
 2)) \ P:

Sincethe pressurespaceis enriched(on the overlappingregion), in order to havesatis�ed
the inf-sup condition, wehaveto enrich the velocity spacealso. As in the previoussection
we de�ne a bubble spaceB. For each K 2 T , K � 
 0 we let B j

K ; j = 1; 2 to be two
bubble functions supported on K which have certain properties and are to be speci�ed
later. For each oneof the remainingregionsK 2 T we consideronly onebubble function
de�ned as in the �rst case. We let B to be the span of all thesebubble functions and
de�ne the discretespaceV h asbefore:

V h := � 1V h1 + � 2V h2 + B 2:

Theorem 4.1. If (A1) is satis�ed, then the new pair (V h; Ph) de�ned aboveis a stable
pair.

Proof. We follow the construction procedurerevealedin Theorem3.1. The � 1 operator
is the onede�ned in the proof of Theorem 3.1. Next, we de�ne � 2 such that (3.2) and
(3.3) are satis�ed. Let � 1 := � and � 2 := 1 � � . To simplify the computation we will
assumethat � is a linear function in only onevariable, say x. Thus, for any q 2 Ph and
any K 2 T , K � 
 0 we have that

r qjK 2 span
� �

x
0

�
;
�

y
x

�
;
�

1
0

�
;
�

0
1

��
= span

� �
x � x0

0

�
;
�

y � y0

x � x0

�
;
�

1
0

�
;
�

0
1

� �
;
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where(x0; y0) are the coordinatesof any point inside K . We de�ne � 2 as follows

� 2v jK :=
�

� 1

� 2

�
B 1

K +
�

� 1

� 2

�
B 2

K ;

if K 2 T , K � 
 0 and � 2v jK :=
�

� 1

� 2

�
BK if K 2 T and K � 
 i n
 0, i = 1; 2. The

constants � =
�

� 1

� 2

�
and � =

�
� 1

� 2

�
are determinedsuch that

R
K (v � � 2v) � r q dx = 0,

q 2 Ph. Here, in the secondcase,BK is the bubble function de�ned in the previous
section. Obviously, (3.3) holds. The justi�cation of (3.2) is similar and we only needto
prove that (3.7) holds. For K 2 T and K � 
 i n
 0, i = 1; 2 the proof was done in the
previous section. We will focus now on the caseK 2 T , K � 
 0. From the de�nition
of � 2 and the condition

R
K (v � � 2v) � r q dx = 0 we deducethat

(4.1)8
>><

>>:

� 1(B 1
K ; x � x0) + � 1(B 2

K ; x � x0) = (v1; x � x0)
� 1(B 1

K ; y � y0) + � 1(B 2
K ; y � y0) + � 2(B 1

K ; x � x0) + � 2(B 2
K ; x � x0) = (v1; y � y0) + (v2; x � x0)

� 1(B 1
K ; 1) + � 1(B 2

K ; 1) = (v1; 1)
� 2(B 1

K ; 1) + � 2(B 2
K ; 1) = (v2; 1);

where v1; v2 are the components of the velocity vector v restricted to K . The system
hasunique solution if and only if

(4.2) detK := det
�

(B 1
K ; x � x0); (B 2

K ; x � x0)
(B 1

K ; 1); (B 2
K ; 1)

�
6= 0:

Let us assumethat B 1
K and B 2

K are chosensuch that (4.2) is satis�ed. Then one can
solve for � and � . For examplewe have

(4.3) � 1 =
1

detK

�
(B 2

K ; 1)(v1; x � x0) � (B 2
K ; x � x0)(v1; 1)

�
:

If we further assumethat

(4.4) jr B i
K j . h� 1 on K :

Then, using (A1) , we get

(4.5) j� 2v j21;K � (� 2
1 + � 2

2)
Z

K
jr B 1

K j2 + (� 2
1 + � 2

2)
Z

K
jr B 2

K j2 . (j� j2 + j� j2):

On the other hand from (4.3) and the fact that jx � x0j � h we have that

j� 1j �
1

jdetK j
h2jv1j0;K h2:

If B 1
K and B 2

K are chosensuch that we have

(4.6) jdetK j & h5; for all K 2 T ; K � 
 0;

then
j� 1j . h� 1jv j0;K ;

and similar estimateshold for � 2; � 1 and � 2. Hence,via (4.5), we have that (3.7) holds
and consequently (3.2) is satis�ed. All we have left to do is to justify that we canchoose
B 1

K and B 2
K such that (4.4) and (4.6) are satis�ed.
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One way of choosing B 1
K and B 2

K is as follows. First we de�ne R = RK to be
a rectangle inscribed in K of area of order h2 and with the center of symmetry at
(x0; y0). Without lossof generality we may assumethat R has the sidesparallel with
the systemof coordinates where 
 lies. We denoteby R1 = f (x; y) 2 RK jx < x0g and
R2 = f (x; y) 2 RK jx > x0g. Next, we de�ne BK to be the bubble function associated
with the rectangleR. Then,

B 1
K :=

1
h

(x0 � x)BK � � R1 and B 2
K :=

1
h

(x0 � x)BK � � R2 ;

where � R stands for the characteristic funtion of the set R. One can easily check that
(4.4) and (4.6) are satis�ed for this choiceof B 1

K and B 2
K . �

5. Nono verlapping Nonmatching grids

Let 
 besplit into two nonoverlappingsubdomains
 1 and 
 2 and let � bethe interface
between
 1 and 
 2. As in the overlappingcaseweassumethat 
 1 and 
 2 arepartitioned
by quasiuniform �nite element triangulations T1 and T2 of maximal meshsizesh1 and
h2 (h1 � h2 ). The grid on the interface � might not match the two partitions. We can
extend the meshof 
 2 inside 
 1 so that the overlapping meshedregion is a strip 
 0 of
sized = O(h1) which matchesthe meshof 
 1. In this way we have reducedthe setting
to the caseof overlappingsubdomains. Nevertheless,if the extensionis not carefuldone,
the condition (A1) might not be satis�ed (or poorly satis�ed). One way to construct a
good extensionis by slightly modify the meshon one subdomain. Next, we describe a
way of constructingsuch a grid extension.Let usassumethat the meshof 
 2 is extended
inside
 1 for a \strip" with d = O(h1) (seeFig. 3). Let � 1 be the border of our extension
which lies inside 
 1. We assumethat � 1 matchesthe meshon 
 1 and ignore the mesh
T1 between� 1 and � . We present in Fig. 3 a casewith h1=h2 = r = 11=4.

If A 2 � 1 is an arbitrary nodal point in T1, we �rst connectA with the closestnodal
point in T2 situated on � (point B in our picture). After all \horizontal connections"
are made we subdivide all the quadrilaterals new formed by connecting two diagonal
points. This producesa new meshon 
 0 which toghether with the unchangedmeshon

 1 createsa new meshon 
 1 denoted ~T1. Next we re�ne the triangulation on 
 0 to a
quasi-uniformtriangulation of sizeh2 which matchesthe meshon 
 2 (not showed in our
picture).

Let ~
 2 be the domain madeup by 
 2 and 
 0 and let ~T2 be the meshwhich extendsT2

with the �ne meshon 
 0 of sizeh2. We note that the meshes~T1 and ~T2 corresponding to
the subdomain 
 1 and ~
 2 respectively, satisfy the special casepresented in Remark 3.1.
Therefore, the mini-t ype stable pair presented in Section3 can be involved for solving
the discreteStokesproblem if nonmatching grids are provided.

6. Conclusions

� The method can be extendedwith no di�culties to the more subdomains case
or the multidimensional case.

� If the discrete approximation spacesare spacesof continuous piecewiselinear
functions then the partition of unity functions can be chosen to be piecewise
linear functions also.
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W

G G1

A

W 0

1

B

W 2

Figure 3. Modifying the the grid on 
 1.

� The condition (A1) is too restrictive. In practice, we can slightly change the
meshby moving points of the meshtowards other closepoints or edges.

� Weconjecturethat other classicalstablepairs for subdomains,for exampleP2� P1

\subspaces",could be glued by partition of unity method in order to construct
stable pairs with good approximation properties.
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