PARTITION OF UNITY FOR THE STOKES PROBLEM ON
NONMA TCHING GRIDS

CONSTANTIN BACUTA AND JINCHA O XU

Abstra ct. We considerthe StokesProblem on a plane polygonal domain R?2. We
proposea nite elemen method for overlapping or nonmatching grids for the Stokes
Problem basedon the partition of unity method. We prove that the discrete inf-sup
condition holds with a constart independert of the overlapping size of the subdomains.
The results are valid for multiple subdomains and any spatial dimension.

1. Intr oduction

In the presen literature the study of nite elemem method applied to overlapping
grids is done mainly in the framework of mortar method or Lagrange multiplier (see
[1, 12 7]). Usinga partition of unity method which hasrootsin [2], a new nite elemen
discretization for elliptic boundary value problems was introduced by Huang and Xu
in [10]. A signi cant amourt of literature was dedicatedto numerical solutions of the
Stokesproblem (seee.qg.,[9, 5] and the referencef this two books). By our knowledge
not to much was donefor solving discretization of the Stokesproblem when overlapping
grids or nonmatching grids are involved. In this paper, following the ideasof Huang and
Xu, we shall introduce a conforming nite elemem method, using a partition of unity
type argumert for the steady-stateStokesproblem.

2. The continuous Stokes problem and overlapping subdomains
discretiza tion

Eventhough the resultshold in a moregeneralcortext and for a generaldimension,for
clarity, we presen the main ideasof the discretization method in caseof two subdomains
in R?. Let R? be a boundeddomainwith boundary @ andlet be aclosedsubset
of @. By H}(; ) we denote the closurein H!-topology of C! () functions that
vanishin a neighborhood of .

The steady-stateStokesproblem in the velocity-pressureformulation is :

Find the vector-valued function u and the scalar-\alued function p satisfying

8
3 u rp=F in ;
rru=0 in ;
(2.1) > RU=0 on@:

0
0

u
p
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2 C. BACUTA AND J. XU

Let (;) , or simply (; ), denotethe L2()-inner product applied to a pair of either
scalar or vector functions. Similarly, let k ko, , or simply k k denote the L?()-norm.
Dene V = (H}()) 2andP = L3() the subspaceofL?() consistingof functions with
zeromeanvalueon . The variational formulation of the problem (2.1) is

Find (u;p) 2 (V;P) sud that

a(u;v)+ biv;p)= (F;v) forallv2V;

(22) b(u;g) =0 forallq2 P:
wherea is the Dirichlet form on  de ned by

)@ Z

a(u;v) = ru rv dx:

i=1

and
b(v;a) = (g1 v):
We assumethat the inf-sup condition
(2.3) Cokpk supM; forall p2 P;
vav  KVKy;

holdsfor a positive constart ¢,. Consequetly, there is a unique solution (u;p) 2 (V;P)
of (2.2). Let be covered by a family of overlapping subdomains. For a better pre-
sertation of the main idea, we considerthe caseof two overlapping subdomains with
polygonalshapes.Let ;; , beoverlappingsubdomainsof satisfying = ;[ ,and
o= 1\ 2, Wefurther assumethat ; and , are partitioned by quasiuniform nite
elemen triangulations T; and T, of maximal meshsizesh; and h, ( which might not
match on ). Again, just for the salke of simplicity, we assumethat ¢ is a strip-type
domain of width d = O(h;) and that @ ¢ is alignedwith T, and T, (seeFig. 1).

/|

NN

Figure 1. Overlapping grids
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Next, we let f ;; ,g be a partition of unity subordinate to the covering partition
f 1; ,gof , i.e. 1; ,arecontinuousfunctionsdened on sudthat + ,=1,
0 i 1l,andkr k;. 1=d. We further assumethat ; 1on in gand ; O
on ,n g,and , 1on ,n gand , Oon .n .

To obtain a conforming discretization of the variational problem (2.2) we de ne rst
the following spaces

Po,( 1):=fp2C° )jpir 2Py, T2Tg;
Po( ):=fp2Py( 1)ip=00n@in@ g;

Vi( ) =fv2 (HI( ;@\ @)% vir 2 (P)* T2 Tg;
where, P; denotesthe set of polynomialsin two variablesof degreeat most one. Using
the above spaceswe are interestedin building stable pairs (V y; Pn), whereV,, V and
Pn, P, ie., pairs (Vy;Ph) which satisfy the discreteinf-sup condition

(2.4) Cokpk  sup M forall p2 Py:
v2Vy kal;

If the above condition is satis ed then the discrete variational problem:
Find (un;pn) 2 Vi Pp sud that

a(up;v) + b(v;pn) = (F;Vv) forallv2 Vy;
blup;g) =0 for all g2 Py;

has unique solution and the error satis es,

(2.5)

ju unj; +kp pnko,  C(inf ju  vhpjy, + inf kp o giko );
vh2Vy G 2P
with C dependingon ¢, but independert of h (or the spaces/, and Py). In the next two
sectionswe build stable pairs (V ,; Pn) which have also good appraximation properties.
3. First mini-type stable pair

We introduce a space B of bubble functions assaiated with the \union \ partition
T := Ty [ T, asfollows. For a triangle T we de ne the bubble function Bt supported
on T asthe product of the nodal functions ass@iated with the verticesof T.

If K =T\ T,2 T,[ T, wedene

Bk = BTl BTZ:

If K = T, for someT; 2 T;, (i = 1,2), then we just take Bx := By, (seeFig. 2). A
composite, conforming nite elememn spacefor velocity can be de ned by

Vi Vi() = 1Vp, + oVp, + B2
The discrete pressurespacewe assiate with Vy, is
Ph = (Iﬂhl( 1) + Iﬂhz( 2))\ P:

Let h:= hy hy = rhy, for somepositive constar r. Beforewe state the main result
of this sectionwe introducethe following assumption:
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Figure 2. Overlapping triangles.

(Al) There exists a positiv e constant c such that
jKj=ch?for any K 2 T,

wherejK j denotesthe Lebesguemeasureof K 2 T.
Theorem 3.1. If (Al) is satis ed, thenthe pair (V y; Py) de ned aloveis a stablepair.

Proof. We will construct two operators ;:V ! V;, ,:V ! V, with the following
properties:

(3.1) v iVj1. . jvj. ;3 forallv2V;

(3.2) j 2(l Vj1. . JVjp. ; forallv2V;

(3.3) b(v ov;Q=0; forallq2 Py;v2V:

Having constructed ; and ,, the operator , = .+ (I 1) satis es the the

hypothesis of Proposition Il 2.8 in [5], for example, and the inf-sup condition follows
accordingwith this Proposition.

Fori = 1;2,letV; = (H}( ;@ \ @)?anddene }:V;! Vy to begood
regularization operators. For example,we can take ! to be Clemen-type operators.
Thus,

(3.4) kv ivko .. hjvjy ; forallv2V;;
and
(3.5) jv. Vi .. jvji . forallv2 Vi

We de ne ; asfollows:

— 2
o= v ) F 2 1Y)
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Note that v; i 2 Viand v 2 V. Thus ; is well de ned. In order to simplify
the notation we denote (v; ') simply by lv. Next, we verify that the operator
satis es (3.1). We will prove rst that

(3.6) kv 1VKko. . hjvjy. ; forallv 2 V:
Indeed,
x2 _ x .
kv vk = i(v V) i(v V)
i=1 o i=1 0
X2 i ﬁ . . . .
v v o ;- hijvji. , . hjvjy. :
i=1 i=1
The justi cation of (3.1) is also straightforward.
. - ﬁ - H - ﬁ - H . X2 . H -
vV jilv Win roiv o Wi+ v Wi
i=1 i=1 i=1
1>@ . H . >(2 . - . .
e | 4 [T | EER \J FT
i=1 i=1

Next, wedene ,. Forv2V andK 2 T dene

2Vj, = Bk,
1. . R .
where = is determinedsuch that | (v ov) dx = 0i.e.,
2
R
_ RK v dx :
K Bk dx
Forv 2V andqg?2 P, we have
X Z
b(v oV, Q) = (v oV;r Q) = rq (v ov) dx = O
K 2T K

Thus (3.3) holds and to end the proof we have to verify that (3.2) holds. Let us note
that

(3.7) i oVitk . h ljvjox forallv2V:
The proof of (3.7) is a consequencef thezfollowing two estimates.

i avitk = ( 1+ 2 ir B«i®. | i%Kjh %

K
and R
j 2= Rx VAT TKIVIo
J « Bk dxj? h4
Thus, from (3.7) and (3.6) we obtain
X X
joo(l viE = 0 a0 )ik h 3 )Vige - Vit s
K 2T K2T

which provesthat (3.2) holds and concludesthe proof of the theorem.
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Remark 3.1. In the special casewhenany K 2 T is a triangle in either T, or T, (any
T12 T, Tq o is an union of triangles of T, and any K 2 T which is not subsetof
o belongsto either T, or T,), we havethat (Al) is satis ed. Moreover we have

(A1)’ There exists a positiv e constant c such that

jTij=ch? for any K = T; 2 T.
Following the proof of the alove theorem in this particular case, we deduce that the
constants which are involved in (3.1) and (3.2) are also independent of the ratio r =
h,=h;. Conseuently, the inf-sup condition holdswith a constant independentof h;; h;
andr.

Remark 3.2. According with [10]the space V , hasthe following approximation property:
inf kv vpky . hikvky |+ hokvk, 3 forall v2 (H3() \ HE()) %

Vh2Vh
If Iﬁhl( 1) + Iﬁhz( ») is a linear space which contains the constant function then, by
standad nite elementtools, we havethat the space Py, hasthe following approximation

property
irzn; Kp pnko: . hikpky + hpkpky ;  forall p2 HY() \ L3() :
Ph<Fh

Therefore the pair (V ; Ph) hasgood approximation properties and is a stablepair.

On the other hand, if Iﬁhl( 1) + Iﬁhz( ») is a linear space which deoes not have gaod
approximation properties we can consider for the discrete pressue space Py, a partition
of unity type space and maodify accordingly the velaity space. This is the subjest of the
next section.

4. Second mini-type stable pair

A discretepressurespaceP;, with good approximation properties (see[10]) is the space

Ph = ( 1P|’11( l)+ 2P|’12( 2))\ P:

Sincethe pressurespaceis enriched (on the overlappingregion), in orderto have satis ed
the inf-sup condition, we have to enrich the velocity spacealso. Asin the previoussection
we de ne a bubble spaceB. Foreah K 2 T, K o Welet B;j = 1,2 to betwo
bubble functions supported on K which have certain properties and are to be speci ed
later. For ead oneof the remainingregionsKk 2 T we consideronly onebubble function
de ned asin the rst case.We let B to be the span of all these bubble functions and
de ne the discretespaceV y, asbefore:

Vip:= Vp, + oVp,+ B2
Theorem 4.1. If (Al) is satis ed, thenthe newpair (V;Py) de ned aloveis a stable
pair.
Proof. We follow the construction procedurerevealedin Theorem3.1. The ; operator
is the onede ned in the proof of Theorem 3.1. Next, we de ne , sud that (3.2) and
(3.3) aresatised. Let ;:= and ,:=1 . To simplify the computation we will

assumethat is a linear function in only onevariable, say x. Thus, for any q2 P}, and
any K 2 T,K o We have that

y .1 .0 X Xo .Y Yo 0

r 2 span X = span .1 X
qK p O’X'O’l _p O !XXOIOyl y
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where (Xo; Yo) arethe coordinatesof any point inside K. We de ne , asfollows

M = Bet OB
if K 2T, K oand v, = ' BxifK 2T andK in o, i = 12 The
2
R
constats = ' and = ! aredeterminedsuhthat (v = ,v) r qdx =0,
2 2

g 2 P,. Here,in the secondcase,Bk is the bubble function de ned in the previous
section. Obviously, (3.3) holds. The justi cation of (3.2) is similar and we only needto

prove that (3.7) holds. For K 2 T and K in o, 1 = 1;2 the proof was donein the
previous section. We wilis focus now on the caseK 2 T, K 0. From the de nition
of , andthe condition | (v ov) r gdx = 0 we deducethat
g.1)

1(Bgix  Xo)+ 1(BZ:X  Xo) = (Vi;X  Xo)

1(Bkiy Yo)+ 1(BZiy Yo)t+ 20Bg;x Xo)t 20Bg;X Xo) = (Vi;y  Yo) + (V2 X
2 1(Bg; D+ 1(Bf;1) = (vi;1)

2Bi; 1)+ 2(BE:1) = (v2; 1),

wherevy; v, are the componerts of the velocity vector v restricted to K. The system
has unique solution if and only if

X Xo); (BZ;x
(Bk:;1)(BZ:1)
Let us assumethat B and BZ are chosensud that (4.2) is satis ed. Then one can
solwe for and . For examplewe have

1

1.
(4.2) detc := det (Bic; Xo) g

(4.3) 1= e (Bi:D(vi;x  Xo)  (BRix  Xo)(viil) :
If we further assumethat
(4.4) jr Blj. htonkK:

Then, using (Al) , we get
g(Al) g 5 5

45)  j avilk (1t D QrBei’+( i+ 3 rBgi®. (G P+i )
K K

On the other hand from (4.3) and the fact that jx Xoj h we have that

4 hzlejo;K h2:

jdety |
If B and B2 are chosensud that we have
(4.6) jdetcj & h>; forall K 2 T; K 0l
then

j 1 h tjvjox;
and similar estimateshold for ,; ; and . Hence,via (4.5), we have that (3.7) holds
and consequetty (3.2) is satis ed. All we have left to dois to justify that we canchoose
Bi and BZ sud that (4.4) and (4.6) are satis ed.

Xo)
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One way of choosing B and BZ is as follows. First we dene R = Ry to be
a rectangle inscribed in K of area of order h? and with the certer of symmetry at
(Xo0; Yo). Without loss of generality we may assumethat R hasthe sidesparallel with
the systemof coordinateswhere lies. We denoteby R; = f(X;y) 2 Rk X < Xog and
R, = f(X;¥) 2 Rk jx > Xog. Next, we de ne Bx to be the bubble function asswiated
with the rectangleR. Then,

1 1
Bt := H(XO X)Bk g, and B2 := H(XO X)BKk Ry,
where g standsfor the characteristic funtion of the set R. One can easily ched that
(4.4) and (4.6) are satis ed for this choiceof B and BZ .

5. Nono verlapping Nonmatching grids

Let besplit into two nonoverlappingsubdomains ; and , andlet bethe interface
between ; and ,. Asin the overlappingcasewe assumehat ;and , arepartitioned
by quasiuniform nite elemen triangulations T, and T, of maximal meshsizesh; and
h, (hy hy). The grid on the interface might not match the two partitions. We can
extend the meshof , inside ; sothat the overlapping meshedregionis a strip o of
sized = O(h;) which matchesthe meshof ;. In this way we have reducedthe setting
to the caseof overlapping subdomains. Newertheless,f the extensionis not carefuldone,
the condition (A1) might not be satis ed (or poorly satis ed). Oneway to construct a
good extensionis by slightly modify the meshon one subdomain. Next, we descrike a
way of constructing sud a grid extension. Let usassumehat the meshof , is extended
inside , fora\strip” with d = O(h,) (seeFig. 3). Let ; bethe border of our extension
which liesinside ;. We assumethat ; matchesthe meshon ; and ignore the mesh
T, between , and . We presen in Fig. 3 a casewith h;=h, = r = 11=4.

If A2 ,isan arbitrary nodal point in Ty, we rst connectA with the closestnodal
point in T, situated on (point B in our picture). After all \horizontal connections”
are made we subdivide all the quadrilaterals new formed by connectingtwo diagonal
points. This producesa new meshon ( which toghetherwith the unchangedmeshon

1 createsa new meshon ; denotedT;. Next we re ne the triangulation on 4 to a
guasi-uniformtriangulation of sizeh, which matchesthe meshon , (not shovedin our
picture).

Let 7, bethe domainmadeup by , and ( andlet T, be the meshwhich extendsT,
with the ne meshon ( of sizeh,. We note that the meshesT; and T, correspnding to
the subdomain ; and ~, respectively, satisfy the special casepreserted in Remark 3.1.
Therefore, the mini-type stable pair preseted in Section3 can be involved for solving
the discrete Stokes problem if nonmatcing grids are provided.

6. Conclusions

The method can be extendedwith no di culties to the more subdomains case
or the multidimensional case.

If the discrete approximation spacesare spacesof cortinuous piecewiselinear
functions then the partition of unity functions can be chosento be piecewise
linear functions also.
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G G

1

Figure 3. Modifying the the grid on ;.

The condition (A1) is too restrictive. In practice, we can slightly changethe
meshby moving points of the meshtowards other closepoints or edges.

We conjecturethat other classicalstable pairs for subdomains,for exampleP, P,
\subspaces",could be glued by partition of unity method in order to construct
stable pairs with good appraximation properties.
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