East-VéstJ. Numer Math,, Vol. 0, No. 0, pp.1-20(2001)
c VSP2001 Prepaedusingjnm.sty [Version: 06.06.2001v1.1]

New inter polation resultsand applicationsto nite element
methodsfor elliptic boundary value problems

C.BACUTA, J.H. BRAMBLE , and J.E. PASCIAK

Received. August,2001 Communicatedy R. Lazaiov
Receivedn revisedform 1 Septembe001

Abstract — We considerthe theinterpolationproblembetweerH2(W) \ H3 (W) andHA (W), where
Wis apolygonaldomainin R2 andH3 (W) is the subspacef functionsin H1(W) whichvanishonthe
Dirichlet part (W) of the boundaryof W. The mainresultis thattheinterpolationspacegH 2(W\

H3(W); H3(W)]s andH* S(W) \ HA(W) coincide.An applicationof this resultto a nonconforming
nite elementproblemis presented.
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1. INTRODUCTION

Let Wbe a two dimensionaldomainwith boundaryfwW= (TW)y[ (TW)y, where
(W), is notof measureeroand( W) and( W) areessentiallydisjoint, andlet
V = H3(W) bethe subspacef functionsin H1(W) which vanishon the Dirichlet
part (W), of theboundaryof W, Let u 2 H3(W) bethe variationalsolutionof an
elliptic boundaryvalue problemandu,, 2 V,, be an approximationof u, whereV,
is a nite dimensionalapproximationspacewhich might not be a subspacef V.
Further let usassumehat,for anormk k;, de nedonV + V, andaconstant one
canprove that

ku ugk, 6 ckuk forall u2 H3(W); (1.1)

HE(W)’

and

ku uky, 6 chkuk forallu2 H2(W)\ H3(W): (1.2)

HZ(V\O;
By interpolationfrom (1.1)and(1.2),we obtainthatfor a x eds2 [0; 1]:

ku  upky, 6 chkukyo . HE W HE W, forall u2 [HA(W)\ H3(W);H3(W)], ¢
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If we assumeéhatthe variationalsolutionu belongsto anintermediatespace
H¥S(W)\ H3(W), s2 (0;1) anduis notin H?(W), thenit is naturalto ask:
Does[H?(W)\ HA(W);H3(W)], ¢ coincidewith H¥*S(W)\ H3(W) ? This type of
guestionarosein [4] and[5]. The papemwill give a positive answelto this question
for the specialcasewhenWis a polygonaldomainin R?.

The remainingpart of the paperis organizedas follows. In Section2 general
interpolationresultsandsomenotationarepresentedT he proof of thefactthat
[H2(W)\ H3(W);H3(W)], ¢ coincideswith HY*S(W)\ H5(W) whenWis a polyg-
onaldomainis givenin Section3. In Section5, anapplicationof theinterpolation
resultof Section3 to anonconformingnite elementproblemis given.

2. ABSTRACT INTERPOLA TION RESULTS

In this sectionwe give somebasicde nitions andresultsconcerningnterpolation
betweenHilbert spacesand subspacesising the real methodof interpolationof
LionsandPeetrgsee[11] and[12].

Let (X;Y) beapair of separabledilbert spaceswith innerproducts( ; )y and
('; )y respectiely, andsatisfying,for somepositive constant,

X is adensesubsebf Y and
kuk,6 ckuk, forallu2 X;

(2.1)
where kukZ = (u;u), and kuk3 = (u;u)y.

Let D(S) denotethe subsebf X consistingof all elementss suchthatthe anti-
linearform

vl (uV)y; v2 X (2.2)

is continuousn thetopologyinducedby Y. For ary u in D(S), the antilinearform
(2.2) canbe extendedto a continuousantilinearform onY. Thenby the Rieszrep-
resentatiortheorem, thereexistsanelementSu in Y suchthat

(uv)y = (Su;v)y  forallv2 X: (2.3)

In this way, Sis a well de ned operatorin Y, with domainD(S). The next result
givessomeof the propertiesof S,

Proposition2.1. ThedomainD(9) of the opemtor Sis densein X and con-
sequenthyD(9) is densein Y. Theopemtor S: D(S Y ! Y is a bijective self-
adjoint and positivede nite opefator. TheinverseopertorS 1:Y! D(S VYis
a boundedsymmetrigositivede nite opemator and

(S 'zu)y = (zu), forallz2y,u2Xx (2.4)
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The interpolatingspace[X;Y]s for s2 (0;1) is de ned usingthe K function,
whereforu2 Y andt> 0,

KU X3Y) = Ktu) = inf (KugkZ + t2ku  upkd)¥:
Ug

Then[X;Y]s consistof all u 2 Y suchthat

Z y
t DK (t;u)? dt < ¥:
0

Thenormon|[X;Y]sis de ned by

Z y
kukf vy o= €2t BTDK(t;u)? dt;
3 S 0

wherewe have choserthe normalization

Z y (129

2 H .
Cs .= . mdt = Esm(ps).

By de nition wetake
[X;Y]p, = X and [X;Y]; = Y-

The next lemmaprovidestherelationbetweerK(t; u) andthe connectingoperator
S

Lemma?2.1l. Forallu2 Y andt> O,
Ktu?=1t* (1+t°s 1Y) tuu
For the proof of thislemmasee for example,[1].

Remark 2.1. Lemma2.1givesanalternatve expressiorfor thenormon[X;Y]s,
namely: 7
¥
kukz[x;Y]S = ¢2 ; t =L +t’s ) tuyudt: (2.5)
In addition,by this expressiorfor thenorm(seeDe nition 2.1andTheoreml5.1in
[11]), it follows thattheintermediatespaceX;Y]s coincidestopologicallywith the
domainof the unboundedperatorS=21 9 equippedwith the norm of the graph

of the sameoperator. As a consequencee have thatX is densen [X;Y]s for ary
s2 [0;1].
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Lemma2.2. LetX,, bea closedsubspacef X andletY,, bea closedsubspace
of Y. Let X, and Y, be equippedwith the topolggy and the geometryinducedby
X andY respectivelyand assumethat the pair (X,;Y,) satis es (2.1). Then,for
s2 [0;1],

Xo Yols  DX;YIs\ Yy

Proof. Forary u2 Y, we have
Kt u; X;Y) 6 K(tu; X, Yp):

Thus,

kuk 6 kuk forall u2 [XyYols: s2[0;1]; (2.6)

X;Yls [X:Yols

which provesthelemma.

Lemma?2.3. LetH;H!,i= 1; 2, be sepanble Hilbert spacesud thatH? is a
subspacef H! andthe pair (H2;HY) satis es(2.1). We assumdurther that there
are linear opemators E andR sud that

E:H'! H' isaboundedpentorfori= 1;2; (2.7)
R:H'! H' isaboundedpemtor fori= 1;2; (2.8)
REu=u forallu2 H: (2.9)

Then,the pair (H%;H1) satis es (2.1) and for s2 [0;1], an equivalentnorm on
[H2:H1]s is givenby KE( )k i.e., there are positiveconstants; andc, sud

that

CETEN

C; kKuk 6 kEuk 6 c,kuk forall u2 [H?HY: (2.10)

[HZHs [H2;H s [HZH1s

Proof. First,we prove thatthe pair (H% H) satis es(2.1).Letu2 H! andlet
fwhg be a sequencén H2 convergentto Eu in the normof HL. Thenf Rw,g is a
sequencén H? which corvergesto u in thenormof HL. Thus,H? is densen H1.

For theestimategoartof (2.1),from our hypothesisye have
kuk,,, = kREuUk,; 6 ckEukHl 6 ckEukHZ 6 ckuk,, forallu2 H?;

wherec is agenericconstantvhichis not bethe sameat differentoccurrences.
For the secondpart of the lemmalet s2 [0;1] be x ed. From the hypothesis
(2.7),by interpolationwe have that

KEUK 1,71, 6 Cokuk

21 forallu2 [H%HYs;

[H2;H1s

for somepositive constant,.
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Next, from (2.8), by interpolationwe obtainthatfor somepositve constant,

CokRWK oy 6 Kviy, gy forallv2 [H%HYs:
Finally, for u2 [HZ%Hs
— 1 .

This completeghe proof of thelemma.

3. INTERPOLA TION BETWEEN H2(W)\ H3(W) AND H(W).

Let W be a polygonaldomainin R? with boundaryW= (MW [ (TW)y, where
(TW)p, is not of measurezero,and (W) and (W), areessentiallydisjointand
consistof a nite numberof line segmentsLet H3 (W) denotethe spaceof all func-
tionsin H1(W) whichvanishon (1W),. Let TWbethepolygonalline P,P,  PnP.

thepointsof (TW)p\ (TW),. Wewill é{Isocallthepointsof(ﬂV\l)D\ (TW) vertices
of TW. Themainresultof this sectionis:

Theorem3.1. Lets?2 [0;1] be xed andletW RZ? bea polygonaldomainwith
Lipscitz boundary Then

[H2(W)\ H3(W); H3(W]s = [HA(W); HE(W]s\ HE(W): 3.1)

In orderto prove Theorem3.1 we introduce rst somefurther notation. For
ji=L2:00m, IetUj beanopendisk centeredt P; suchthatUj containsovertices
otherthanPj. Next we addmoredisks,saij; centerecht PJ-; j=m+ 1 M;

suchthatP; 2 17W0rUj W, and

w [MU-:

J
=1

By increasinghe numberM of disksandmodifying theradii of the disks,we can
assumethat P, is notin Uj, for k 6 j andthe radii of the disksareequalto some

positve numberr,. Then,thereis a partition of unity f fjg'}":1 subordinatdo the

.M .
covering | 0UJ-, ie.,
J:

M
supf;)) U; @ f;(9=1 forallx2 W (3.2)
j=0
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suchthat
dist(\/\mvvj;suppfj) >ry j= LM (3.3)

Furtherfor j = 1;2;:::;M, wede ne (TW;)p and(W,;)y to be
(TW)N = (MW W (TW) = W, n(TW)) ;i
anddenotethe spaceof functionsin H*(W,) which vanishon (W), by H5(W,).
Also we introducethe spaces
H2(W;) == fu2 HA(W)\ H5(W,) : % =0 on TW,n(TWg:
To prove Theorem3.1 we assumdor the momentthe following result.

Theorem 3.2. LetV\/j be oneof the domainsde ned above Thenther exist a
positiveconstantc sud that

kuk 6 ckuk[ (3.4)

[H2(W,):H3 (W)]s H2(W));HE(W)]s

for all u2 [H3(W;); H5(Wi)]s\ M;(r), whee
Mj(r) =fu2 Hl(Wj) :disl(VWV\/j;suppu) > 1,0
In addition,we needalsothefollowing lemma.

Lemma3.1l. LetW, Whbedomainsin RN with Lipscitz boundary Let m be
anonngativeinteger, 0< s< landr,> 0. De ne

M(rg) = fu2 [H™ W) H™(W)]s : dist(\\hW,; suppu) > r0:
Thenther s a positiveconstantc = ¢(s;r,) sud that

kuk 6 ckuk forall u2 M(ry): (3.5)

[H™ L(W);H™(W)]s [H™ L(Wp) H™(Wp)]s

Proof. SinceW hasLipschitzboundary(seee.qg.,[3], [6]), anequvalentnorm

on
[H™(W);H™(W)], (= H™S(W) is thedoubleintegral norm

£Z ipau(x) DAu(y)j?

JX yJN+ 2s

KUKz sw = KUKGmoy + & dx dy:
jai=m

A similar statemenholdsfor W;,. Letu2 M(r,). Then,

kuk = kuk

H™(W) H™(W,)
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andfor a x edmulti index a with jaj = mwe have

ZZ . .
jD?u(X)  DAu(y)j? _ _
X yjiveas dxdy=1,+2l,=
27 z z
_ jD?u(x)  DAu(y)j? jD? u(x)j?
- X g axdyt2 jx iz dxay
WoWo W, Wo
Next, letK := fx2 W, : dist(x; WhW,) > r,g. It follows that
Z Z . . Z Z
_ DU 1 R
l,= WdXdy_ Wdy]Dau(x)J dx
whw, K K Whw,
Z
ina i2 2 .
6 ¢ jDYu(x)j- dx6 ckuka(WO).
K

Summingup theseestimatesve obtainthat(3.5) holds.
Now we canprove Theorem3.1.

Proof. ThespaceH?(W)\ H3(W) is densén H3(W) (seefor exampleTheorem
1.6.1in [10]). Applying Lemma2.2with X = H2(W), Y = H}(W), X, = HZ(W)\
H3(W) andY, = H(W), we obtainthat

[H2(W)\ H3W);HEW]s  [HAW); HE(W]s\ HA(W): (3.6)

In orderto prove theotherinclusionof (3.1),we needto shawv thatfor apositive
constant,
kuk

6 ckuk (3.7)

[H2(W\ HE(W):HA(Ws [H2(W);HE (Ws”
for all u2 [H2(W); H3(W)]s\ HA(W). We let ¢ denotea genericpositive constant.
Letu2 [H2(W);H5(W)]s\ H5(W). For j = 0;1;:::;M, letu; := f; u. Then,u=

M
a u; andby applyingLemma2.2,andTheorem3.2 we obtain
=1

M
[o]
KUK 2 g s © j<'311k“ik[HZ(vw\ HE(W:HE(Ws
M M
6 a kujkyz ) naowre 8 Ca KUKz me s
=1 =1

Next, usingthefactthatmultiplicationby a smoothfunctionis continuouson
[H2(W); HY(W)]s, we have

ku.k 6 cku.k 6 ckuk[

PKIH2 (W) HL W)l P KiH2(w;HL Wl H2(W);HL(W]s"
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Combiningthe above estimatesve seethat (3.7) follows. Finally, from (3.6) and
(3.7)we concludetheresult.

3.1. Proving Theorem 3.2

To begin with, we considerthe casewhenW, = U;, i.e., W, is a disk. We assume,
without loss of generality that W, is the unit disk U centeredat the origin of a
Cartesiarsystemof coordinatesln this casewe ha/e(ﬂWj)D = (ﬂV\lj) and

H5(W,) = Hg(U); HA(W,) = H§(U):

Let E: H}(U)! HY(R?), be the extensionby zerooperator(for r > 1), andlet
R:HY(R?)! H}(U) de nedasfollows.

First, we introducea smoothcutof function h which depend®nly onthedistance
r to theorigin andsatis es

h(r)=1 for 0O< r6 1 andh(r)=0 forr> 2
Then,for afunctionv2 H(R?) we de ne Rv2 H}(U) by

(RV(1;q) == vy(r;q) 3vy(1=r;q) + 2v,(1=r%;q); (r;q) 2 U;

where
vi(r;9) = v(r;q)h(r); (r;q) 2 R*:

Note that R: H'(R?) | Hj(U) for i = 1;2, and we can apply Lemma2.3 with
H?= H§(U), H2 = H%(R?) andH* = Hj(U), H! = HY(R?). Thus,
kuk

6 ckEuk forall u2 [H3(U);H(U)]s;

[HZ(U):H3 ()]s [HA(RY);H(R?)]s

for somepositive constant. Ontheotherhand,by Lemma3.1we have

KEuk, 6 ckuk forall u2 [Hg(U);H&(U)]s\ M(ro);

[H2(R2);HL(R?)]s [H2(U);HY(U)]s

where
M(rg) == fu2 H(U) : dist{ JU; suppu) > rog:

Usingthe abore two estimateprovesTheorem3.2in this specialcase.

Before we considerthe remainingcasesjet us introducesomenew notation.
Leta;b berealnumberssuchthata < b andb a < 2p. Usingpolarcoordinates
(r; ) wede ne thesectordomain

Sp = f(rq):0<r<1,a<qg<bg
andthefollowing spaces:

H(S,.;,) = fu2 HYX(S, ) :u= 0 for r= 1g;
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N2 - 2 s Tu_ -1
H (Sa;b) =fu2H (Sa;b).U— o 0 forr=1g¢;

Hy(S,.,) = fu2 H'(S,.,) :u= 0 for g = gg;
H.(S,p) = fu2 HY(S,, ) :u= 0 for g= a andq = bg;

wherei = 1,2, g= a or g= b andthefunctionsarezeroon line sgmentsor arcs
in thetracesense.

All theremainingcase®f TheorenB.2canbereducedo thefollowing standard
ones:
ThedomainW; coincideswith &,,, for somerealnumberw 2 (0;2p) and

Casel. “Free-Free"H3(W,) = HY(S,,,) andH* (W) = H¥(S,,,) or
Case2. “Dirichlet-Free":H3(W,) = H3(S,,) andH?(W) = HZ(S,,,) or
Case3.“Dirichlet-Dirichlet’: H3(W) = H},(S,.,) andH?(W) = HZ (S,.,)-

Next, we prove Theorem3.2in Casel.
We de ne thein nite sectordomains,, by

Sw=1(rg) :r>0,0< g< wy:

The operatorsE : HY(S,,) ! HYS,,) andR: HY(&,,) ! HYS,,) denedin

the caseof the disk, satisfythe hypothesesf Lemma2.3with H' = H(S,,,), and
H = H(K,,), i=1,2. Thus,H(S,,,) is densein H(S,,,) andsimilar aguments
usedin the caseof thedisk canbeusednow to shaw that

kuk 6 ckuk (3.8)

[Hz(%;w);ﬁl(%;w)]s [HZ(SJ;W);Hl(SJ;W)]S

for all u2 [H4(S,,,,); HX(S,,)ls\ M(ry), wherec is a positive constanend

M(ro) == fu2 HY(S,,) : dist(TU;suppu) > r,g:

Thereforethe prooffor Casel is complete

FortheCase2 andCase3 wewill useagainLemma2.3,but we needo construct
operator€E andR with strongemproperties.

In orderto prove Theorem3.2in Case2, let usassumdor the momentthatthe
following existenceresultholds.

Theorem3.3. Leta < Obesudthatw a < 2p. Thenther arelinear oper
ators E andR sud that

E:H'(Sy)! H'(Saw) isaboundedpemtor; i= 12, (3.9)
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R:H'(Saw) ! Hi(S,) isaboundedopentor; i = 1;2; (3.10)
REu=u forallu2 H3(S,,): (3.11)

First,we obsene thatfrom (3.9),we getin particularthat
E:Hy(S)! H'(Sww) isaboundedbperatori= 1;2:
Fromthe previous casewe have that I:|2(Sa;w) is densen I3|1(Sa;w). Thus,we can

applyLemma2.3with H' = Hi(S,,,), andH' = Hi(S,.,), i=1,2 andobtainthatfor
apositive c,

KUK 25,081 © KBRS, )1 80 (3.12)
for all u 2 [H3(Sy..,); Ha (Sl
From (3.9), by interpolationwe have thatfor anotherconstant,
KEWK2(s, 3 (suls © SRS, it 00 (3.13)
for all u 2 [H(Sy.,,); H{(Sy)]s-
Combining(3.12)and(3.13)we obtain
kuk 6 ckuk (3.14)

[F2(Sy,0) (S s [A2(S0) LS )]s

for all u 2 [H3(Sy..,); Ha (Sl
Now we canusetheproofof Casel to nish theproofof Case2. More precisely
from (3.8)and(3.14),we seethat

kuk 6 ckuk (3.15)

(M2 (S) i F3(So)ls [H2(S,)HY (S )]s”
for all u 2 [H3(S); H3(Su)ls\ M(ro). Here,
M(ro) == fu2 HJ(S,,) : dist(TU;suppu) > r,g:

Thereforewe have proved Theorem3.2in this casetoo.
For the Case3 we assuméhatwe have thefollowing result.

Theorem3.4. Leta < Obesudithatw a < 2p. Thenther arelinear oper
ators E andR sudh that

E:Hy(Sy) ! Hi(Saw) isaboundedpertor; i = 1;2; (3.16)
R:HW(Saw) ! Hiw(Sp) is aboundedopentor; i = 1;2, (3.17)
REu=u forall u2 H3,(S.,): (3.18)

We canreducethe proof of Case3 to anestimatevhich follows from the previ-
ouscase.Theamgumentsaresimilar to thoseof Case2.
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4. PROVING THE EXISTENCE OF THE OPERATORSE AND R

The proofsof Theorem3.3 and Theorem3.4 arebasedon the following extension
result.

Lemma4.1. LetWbea triangular domainin R? with boundaryfW= (MW
(W), whee (W), = Gis oneof the edgesof TW (Gis an openinterval in R)
and (W) consistsof the union of the othertwo edges. Then,there exist a linear
opentor P sudt that

P:H (@ HLH(W) and is a boundecbpestor; i = 1;2: (4.1)

Here,

H3o? (9 = [Ho(QiLA(O)] 1y Heo (G = [HE(9); H(G)]

0 0 1=2)

and

H3(W) = fu2 H?(W) :u= %z 0 on (MW, @

Proof. Forv2 HSEZ(G) let V denotetheextensionby zeroof v to therestof TW.
Then,for somepositve constant we have

Y/ 1=2 .
UK, s gy 6 SV forall v2 HEZH(O): (4.2)

Forv2 C§ (G) wede ne Pvto bethesolutionof the problem:
Findb 2 H%(W) suchthat

8

< D’b=0in W
b=V on W 4.3)
Ib -0 on qW

It is known that (see,e.g., Proposition1.3 in [8]) Problem(4.3) hasexactly one
solutionb 2 H5(W) ~ H5(W) and

kbk .. 6 ckvk 6 ckvk forall v2 C¥(0); (4.4)

H2(W H*=2(Q) HE2(Q

wherec is a positive constantin addition,sincev 2 Cé‘(G), we have b 2 H3(W)
(seee.g.,Section3.4.2in [10]).
Next, in orderto estimatekbk

lem. Findw suchthat

niw We considerthefollowing fourthorderprob-
D’w= Db in W

w2 H2(W): (4.5)



12 C.Bacuta,J. H. Bramble J. E. Pasciak

The (weak)solutionw of theabave problemsatis esw2 H3(W)\ HZ(W) (seege.g.,
Corollary3.4.2in [10Q]). Then,usingGreens rst andseconddentities,we get

(Rib;Rib) = ( Db;b) = (DPw;b) = h%;bi + (Dw; Db);

where( ;) andh; i arethe inner productson L2(W) and L?(TW), respeciiely.
Sincew 2 Hg(vw andDb is harmonidt follows from Greensidentity that(Dw; Db) =
0. Consequently

2 ﬂ(DW) ¥ .
Kbksw 6 ¢ —gr= et KK, 1oy, OTallv2CY(Q;  (4.6)
wherec is a positive constantNext, we have
hIO. i |
(Dw) = sup i @

T wwj2r=zow K Koy

Denotingtheharmonicextensionof j 2 H(W) to Wby thesamesymbol; , and
applyingagainGreens identity, we obtain

10ow) ... _ T
hT,jl—h%,Dvw (Db;j ): (4.8)

In orderto estimateheright handsideof (4.8),onthe onehandwe have

j(Db;j)j = j(Nb;Nj )j 6 kkal(\Mkj kHl(\M 6 ckkal(\Mkj kH1:2(17VV); (4.9)

andontheotherhandwe canprove that

: 7 . . )

jhDw; %IJ 6 Ckkal(\Mkj kH1=2(7]V\/)' (4.10)
Indeed usingtraceinequalitieswve have
jhDw; %ij 6 ckakHl:z(ﬂW)kﬂj =fnk, _ 6 cvakal(\M kTj =k, _r
where _

L/ = sup 7%@ :

ﬁn H l=2(ﬂv\o q2H1:2(77VV) quH1=2(1]\/\o .

Let usdenotetheharmonicextensionof g 2 H™2(TW) to Wby thesamesymbolg.
By applyingGreensidentity andthefactthatj is aharmonicfunction,we obtain

oo . . _
h%,cﬂ - (N.I ,NCI) 6 k.l kHl(\qukHl(\M 6 k.l klez(ﬂ\quklez(ﬂ\M'
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Next, sinceW is corvex, the operatorD? de nes an isomorphismfrom H3(W) \
H3(W) ontoH (W) (Corollary3.4.2in [10]). Thus,we get

KDWK, 1y 6 CKWK, 3, 6 CKDPWK, ;i 6 CkDbk,

Hi(W) H3(W) W W
From Greensidentity andthede nition of the nggative normwe seethat

kDbk 6 kbk

H 3w Hi(W)®
Finally, from theabove estimatesve concludethat(4.10)is proved.
Combining(4.6)-(4.10)we deducehat

Kbk, .. 6 ckbk for all v2 C¥(O); (4.11)

HY(W) HE=2(wW)
wherec is a constanindependenbf the functionv 2 Cé,‘(G). From(4.2),(4.3)and
(4.11)we have

kbk 6 ckvk forallv2 C§(G); (4.12)

H(W) HE(Q

Using (4.4), (4.12)andthe densityof Cg (G) in bothH*%(G) andH*(G), we can
extendthede nition of P sothat(4.1)is satis ed.

Proofof Theoem3.3. Let O denotaheorigin of apolarcoordinatesysternused
to describethe sectordomainS;.,. Let e> 0 be x ed,andlet A, B, C, D denote
the pointswith polarcoordinateg1;0), (1;w), (1;a) and(e; p), respecirely (see
Figurel).Letl := (O;A) (0;1),1,:= (D;A) ( e/1) anddenoteby T, T, the
triangulardomaingO, A, C andD, A, C, respecirely.

We introduceheretwo new spaces:

A
H2(1) == fu2 H¥2(1) 1@dx<¥'
oga\'/ T "o 1 X g
and Zluo(x)2

H32(1) == fu2 H32(1) 1 u(2) = ©;

001 dx< ¥g:

1 x
Foru2 I:Il(Sb;W), de ne gu to bethetraceof u to theintenal |. Thus,

kgukHi =21y 6 ckuk

qi S 1.0
ol Hi(Sy.0) foralluz H(S,,); i= 1,2 (4.13)

Next, we constructainextensionoperatorg; whichtakesfunctionsde nedonl into
functionsde ned onthewholeintenal |, andarezeroontheintenal ( e, e=2).
We requirethatE; to satisfy:

i 1=2 L i 1.0
kElukHéolzz(ll) 6 ckukHéofz(l) forallu2 H! =2(1,); i= 1,2 (4.14)
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Figure 1. Sectordomain.

wherec is a positve constantOneway to constructg; is thefollowing:

By Theorem1.4.3.1[9], onecan nd an extensionoperatorE, which takes
functionsde nedon| into functionsde ned ontheinterval J := ( 1;1) suchthat
forallu2 H' 2(1);i= 1;2:

i 1=2 :
Hio32(1) 00,1

KE,uk 6 ckuk

Hoo1 “ (D)
Next, let h beasmoothfunctiononJ whichis equalO ontheintenal ( 1, e=2)
andis equall ontheintenal (0;1). The operatorE, which multiplies a function
de nedonJ with h andthentakestherestrictionof thenew functionto theinterval

- : i 1=2 i 1=2
I, is continuousfrom H(l)o,i (3) to Hy,*(1;). Thuswe cande ne E; by

E,(u) == E5(Ey(w):

By Lemma4.1, we canextendE,(gu) to afunctionb = P(E,(gu)) de ned on
thewholetriangulardomainT; andsuchthat(4.1)is satis edfor W= T, andG= |;.
Next, we considertherestrictionof b to the triangulardomainT andthe extension
by zeroof thenew functionto thesectordomainS, .. Let b bethefunctionobtained
by this processThen,de ne an extensionoperatordenotede, mappingfunctions
de nedon §, , into functionsde ned on S,y by

_ uif x2 §,,
EWOI= b it x2 S0

Combining(4.13)and(4.14)with thefactthatthe operatorsnvolvedin de ning b
arecontinuousyve getthat

KE,uk 6 ckuk .

H‘(So;w): forallu2 H'(S,,,): (4.15)

Hi(S,.0)
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Now we introduceanotherextensionoperatordenotedse, which coincideswith the
classicakvenextensionoperatowhenw = a, mappingfunctionsde nedonS,,
into functionsde nedon S, ., by

g u(r;q); if (rq) 2 &,
(Eeu)(r;q) = . _
Cou(n Fa); if (ng) 2 S,

Finally, we de ne therequiredoperator€ andR, by

(Ew(r;q) = %(EeU)(r; q)+ (1 %)Eb(r; q); (nq) 2 Sqws

and
w

(RY(rg) = —— (Mrag) W %q)); (ra) 2 Sy

Simplecomputationshav thatE andR have the desiredoroperties.
Theproof of Theorem3.4is similar. The operatorsE andR from Theorem3.4
arede nedin thesamemannerasin the abore proof.

5. AN APPLICATION TO ANONCONFORMING FINITE ELEMENT PROB-
LEM

In this section,we apply theresultsof the previousto amodi ed Crouzeix-Raiart
nonconformingnite elementapproximationLet W be a polygonaldomainin R?2
with boundaryTW. The L2(W)-inner productandthe L2(W)-norm are denotedoy
(; ) andk k, respeciiely. We consideithe Dirichlet problem

Du=f in W
u=0 on TW G.1)
We considerthe simpleboundaryconditionabove for corvenienceof notation.All
of theresultsto be given extendto Dirichlet problemswith mixed boundarycondi-
tions.

Thevariationalformulationof (5.1)is thefollowing:
Findu2 V := H}(W) suchthat

a(u;v) = F(v)  forallv2 HY(W); (5.2)

whereF(v) = (f;v) and
Z
a(u;v) = Nu Nvdx forall u;v2 HI(W):
W

Let T, beaquasi-uniformtriangulationof Wandleth = I;T;?.X diam(t).
h
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Next, we considetthe Crouzeix-Raiart nite elementnonconformingspace

V= fyjvislinearonallt 2 T ;
v is continuousat themidpointsof theedges
v= 0 atthemidpointssituatedon TWg;

andde ne onV +V,, thebilinearform

Z
a(uv) = & D¢(u;v); whereD;(u;v) = Nu Rvdx
t2T, t

andtheassociatediorm

a
kuk, == a,(u;u):

It is easyto shav thatthe form a,( ; ) is positve de nite onV,. The Crouzeix-
Raviart approximatioris: Find u,, 2 V,, suchthat

a,(u;v) = F(v) forallv2 V,: (5.3)
Thenext statemenis aversionof Strangs Lemmal2, 6, 7].

Proposition5.1. Letu2 V andw 2 V,, bearbitrary. Then

ku wk 6 infku vk + supnd WV
h© BN h

54
A kah ( )

Proof. Letl2 V, satisfy
a,(Gv) = ay(u;v)  forallv2V,:
Then,a, (G u;v) = Ofor all v2 V, andconsequently
ku dk, = \iQn\l;hku VK, :

Thus,

kU wk 6 ku Ok + ki wk = ku Ok + sup a0V,

Moreover,
a, (0 wv)=ay (i u+ru wv)=a(u wv):

Combiningthe aborve estimateandequalitieswe obtain(5.4).
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In particular whenu is the solutionof (5.2) andw = u,, is the solutionof (5.3),
we obtainthe estimate

ku upk,6 infku vk, + supw: (5.5)
V2V, V2

Vh kah

If u2 H2(W)\ HZ(W), the rst termof theright-handsideof (5.5)canbeestimated
by chjuj,,, usingstandardapproximationpropertiesFor the secondterm, we can
usethefollowing result(seee.qg.,[2], [7]).

Lemma5.1. Letu2 H?(W)\ H3(W) be the solution of (5.2) and u, bethe
solutionof thediscrete problem(5.3). Then,for somepositiveconstanic

w 6 chiui,,; forall v2V,; u2 HXW\ HiW:  (5.6)
h

Consequently

ku upk, 6 chiuj, forallu2 HA(W)\ Hg(W): (5.7)

The methodgiven by the discretizedoroblem(5.3) hasthe disadwantageof not
beingstablewhenF isonlyinV® H (W). A modi ed method,which is stable
onH (W), canbede ned asfollows.

First, we de ne T, to be the triangulationobtainedfrom T by joining the

midpointsof the edgezsof the trianglesin T, .. Let S, be the standardconforming
2

nite elementspaceof all functionsin H&(V\o which are linear on eachtriangle
t 2T,.NotethatS, V.

Néxt, wede neztheoperatorT 2V, ! S, byTv= w,where
2
1. w(x) = v(x) whenx is amidpointof anedgein T,

2. w(X) = Owhenxis avertec of TW,

themidpointsof thoseedgesn T, thatareadjacento x.

Clearly ny is boundedabove by a x ed naturalnumber Let M, be the setof alll
midpointsof the edgesin T, . Let E,, be the setof all line segmentsconnectingn
eachtrianglesin T, the mid pointsof the edgesFinally, let E, _, be the setof all

edgesn T . Then,
2

kvk?  h? & VA(y); V2V,
Yi2M;,
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kikh A (M) VY)D)E V2 Vg
(%i7y))2E,

and
.. o
Mgy & W) wi)Z w2 S,
(%) 2B,
Fromthewaywe de ned T andby usingtheabove equivalencesit is easyto verify

that
iITVifiw 6 Cag(vV);  forallv2 v, (5.8)

and
KTv Vk?6 ch®a(vv); forallv2V,; (5.9)

for somepositive constant.
Considerthefollowing modi ed versionof Problem5.3:Find G, 2 V,, suchthat

a,(G,v) = F(Tv); forallv2V,; (5.10)

Note thatsinceTv is in V, (5.10)is well de ned for F 2 V% We will usethe in-
terpolationresultsfrom the previoustwo sectiongo prove anerrorestimatefor the
modi ed method.

Theorem5.1. Letu bethesolutionof (5.2) andlet G, bethesolutionof (5.10)
Then,for s2 [0; 1], we havethefollowing error estimate:

ku Gk, 6 chkuk forall u2 HX*S(W)\ H(W): (5.11)

HES()
Proof. Foru2 H3(W), wesetF(v) = ( Du;V) andde ne P,u= G, whered, is
the solutionto (5.10).By takingv = G, in (5.10)andby using(5.8), we easilyget
that
kPUky, = Kigk, 6 ckukyj -
Thisimmediatelyimpliesthat

k(I P)uk, 6 ckuk for all u2 H(W): (5.12)

HI(W)’
Next, for u2 H2(W)\ HZ(W), from Proposition5.1, we obtain

a,(u uh;v):

ku Gk, 6 \E\]/‘hkv uk;, + su ok,

Vi

Usingstandardcapproximatiorpropertieggives

\iQnJhku vk, 6 \iené]ku VK 6 Chiuj
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To estimatethe secondermin theright-handside of the above inequality we note
that

a,(u G,v)=au u;v+au, G;,v);,Vv2V:
FromLemmab.1,
a,(u u;v)6 chjusz(\Mkvkh:

Ontheotherhand,with thehelpof (5.9),
ay(u,  Gov) = a(usv) - (G v) = (F;v) (F;Tv)
6 kfkkv Tvk6 chjusz(\Mkvkh:

Combiningthe above estimategives

k(I B)uk, 6 chkuk forall u2 H2(W)\ H&(V\b: (5.13)

H2(W)’
Finally, from (5.12)and(5.13),by usinginterpolationandthe resultof Chapter3,
we obtain

k(I PR)uk, 6 chkuk = ch’%kuk

H1+S(V\0;
forall u2 H*S(W)\ H}(W). This completeghe proof of thetheorem.

[H2A HEHL,
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