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Abstract — We considerthetheinterpolationproblembetweenH2(W) \ H1
D(W) andH1

D(W), where
Wis apolygonaldomainin R2 andH1

D(W) is thesubspaceof functionsin H1(W) whichvanishonthe
Dirichlet part(¶W)D of theboundaryof W. Themainresultis thattheinterpolationspaces[H2(W) \
H1

D(W);H1
D(W)]s andH1+ s(W) \ H1

D(W) coincide.An applicationof this result to a nonconforming
�nite elementproblemis presented.

Keywords: interpolationspaces,�nite elementmethod,extensionoperator

1. INTRODUCTION

Let Wbea two dimensionaldomainwith boundary¶W= (¶W)D [ (¶W)N, where
(¶W)D is notof measurezeroand(¶W)D and(¶W)N areessentiallydisjoint,andlet
V := H1

D(W) be thesubspaceof functionsin H1(W) which vanishon theDirichlet
part (¶W)D of theboundaryof W. Let u 2 H1

D(W) bethevariationalsolutionof an
elliptic boundaryvalueproblemanduh 2 Vh be an approximationof u, whereVh
is a �nite dimensionalapproximationspacewhich might not be a subspaceof V.
Further, let usassumethat,for a normk�kh de�ned onV + Vh anda constantc one
canprove that

ku� uhkh 6 ckukH1(W); for all u 2 H1
D(W); (1.1)

and
ku� uhkh 6 chkukH2(W) ; for all u 2 H2(W) \ H1

D(W): (1.2)

By interpolation,from (1.1)and(1.2),weobtainthatfor a �x eds2 [0;1]:

ku� uhkh 6 chskuk[H2(W)\ H1
D(W);H1

D(W)]1� s
for all u2 [H2(W) \ H1

D(W);H1
D(W)]1� s:
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If weassumethatthevariationalsolutionu belongsto anintermediatespace
H1+ s(W) \ H1

D(W), s2 (0;1) andu is not in H2(W), thenit is naturalto ask:
Does[H2(W) \ H1

D(W);H1
D(W)]1� s coincidewith H1+ s(W) \ H1

D(W) ? This typeof
questionarosein [4] and[5]. Thepaperwill give a positive answerto this question
for thespecialcasewhenWis a polygonaldomainin R2.

The remainingpart of the paperis organizedasfollows. In Section2 general
interpolationresultsandsomenotationarepresented.Theproofof thefactthat
[H2(W) \ H1

D(W);H1
D(W)]1� s coincideswith H1+ s(W) \ H1

D(W) whenWis a polyg-
onaldomainis given in Section3. In Section5, anapplicationof the interpolation
resultof Section3 to anonconforming�nite elementproblemis given.

2. ABSTRACT INTERPOLA TION RESULTS

In this sectionwe give somebasicde�nitions andresultsconcerninginterpolation
betweenHilbert spacesand subspacesusing the real methodof interpolationof
LionsandPeetre(see[11] and[12].

Let (X;Y) bea pair of separableHilbert spaceswith innerproducts(�; �)X and
(�; �)Y respectively, andsatisfying,for somepositive constantc,

�
X is adensesubsetof Y and
kukY6 ckukX for all u 2 X; (2.1)

where kuk2
X = (u;u)X and kuk2

Y = (u;u)Y.
Let D(S) denotethesubsetof X consistingof all elementsu suchthattheanti-

linearform

v ! (u;v)X ; v 2 X (2.2)

is continuousin thetopologyinducedby Y. For any u in D(S), theantilinearform
(2.2)canbeextendedto a continuousantilinearform onY. Thenby theRieszrep-
resentationtheorem, thereexistsanelementSu in Y suchthat

(u;v)X = (Su;v)Y for all v 2 X: (2.3)

In this way, S is a well de�ned operatorin Y, with domainD(S). The next result
givessomeof thepropertiesof S.

Proposition2.1. ThedomainD(S) of the operator S is densein X and con-
sequentlyD(S) is densein Y. Theoperator S: D(S) � Y ! Y is a bijective, self-
adjoint andpositivede�nite operator. Theinverseoperator S� 1 : Y ! D(S) � Y is
a boundedsymmetricpositivede�nite operator and

(S� 1z;u)X = (z;u)Y for all z2 y; u 2 X (2.4)
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The interpolatingspace[X;Y]s for s 2 (0;1) is de�ned using the K function,
wherefor u 2 Y andt > 0 ,

K(t;u;X;Y) = K(t;u) := inf
u02X

(ku0k2
X + t2ku� u0k2

Y)1=2:

Then[X;Y]s consistsof all u 2 Y suchthat

Z

0

¥
t � (2s+ 1)K(t;u)2 dt < ¥ :

Thenormon [X;Y]s is de�ned by

kuk2
[X;Y]s := c2

s

Z

0

¥
t � (2s+ 1)K(t;u)2 dt;

wherewehave chosenthenormalization

cs :=

 Z

0

¥ t(1� 2s)

t2 + 1
dt

! � 1=2

=

r
2
p

sin(ps):

By de�nition we take

[X;Y]0 := X and [X;Y]1 := Y:

Thenext lemmaprovidestherelationbetweenK(t;u) andtheconnectingoperator
S.

Lemma 2.1. For all u 2 Y andt > 0 ,

K(t;u)2 = t2 �
(I + t2S� 1)� 1u;u

�
Y :

For theproofof this lemmasee,for example,[1].

Remark 2.1. Lemma2.1givesanalternative expressionfor thenormon [X;Y]s,
namely:

kuk2
[X;Y]s

:= c2
s

Z

0

¥
t � 2s+ 1 �

(I + t2S� 1)� 1u;u
�

Y dt: (2.5)

In addition,by thisexpressionfor thenorm(seeDe�nition 2.1andTheorem15.1in
[11]), it follows thattheintermediatespace[X;Y]s coincidestopologicallywith the
domainof the unboundedoperatorS1=2(1� s) equippedwith the norm of the graph
of thesameoperator. As a consequencewe have thatX is densein [X;Y]s for any
s2 [0;1].
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Lemma 2.2. LetX0, bea closedsubspaceof X andletY0, bea closedsubspace
of Y. Let X0 andY0 be equippedwith the topology and the geometryinducedby
X and Y respectively, and assumethat the pair (X0;Y0) satis�es (2.1). Then,for
s2 [0;1],

[X0;Y0]s � [X;Y]s \ Y0:

Proof. For any u 2 Y0 we have

K(t;u;X;Y) 6 K(t;u;X0;Y0):

Thus,
kuk[X;Y]s

6 kuk[X0;Y0]s
for all u 2 [X0;Y0]s; s2 [0;1]; (2.6)

whichprovesthelemma. �

Lemma 2.3. Let H i; H̃ i, i = 1;2, beseparableHilbert spacessuch that H2 is a
subspaceof H1 andthepair (H̃2; H̃1) satis�es(2.1). We assumefurther that there
are linear operators E andR such that

E : H i ! H̃ i is a boundedoperator for i = 1;2; (2.7)

R: H̃ i ! H i is a boundedoperator for i = 1;2; (2.8)

REu = u for all u 2 H1: (2.9)

Then,the pair (H2;H1) satis�es (2.1) and for s 2 [0;1], an equivalentnorm on
[H2;H1]s is givenby kE(�)k[H̃2;H̃1]s

, i.e., there are positiveconstantsc1 andc2 such
that

c1kuk[H2;H1]s
6 kEuk

[H̃2;H̃1]s
6 c2kuk[H2;H1]s

for all u 2 [H2;H1]s: (2.10)

Proof. First,we prove thatthepair (H2;H1) satis�es(2.1).Let u 2 H1 andlet
f wng be a sequencein H̃2 convergent to Eu in the norm of H̃1. Thenf Rwng is a
sequencein H2 which convergesto u in thenormof H1. Thus,H2 is densein H1.
For theestimatepartof (2.1),from ourhypothesis,wehave

kukH1 = kREukH1 6 ckEukH̃1 6 ckEukH̃2 6 ckukH2 for all u 2 H2;

wherec is agenericconstantwhich is notbethesameat differentoccurrences.
For the secondpart of the lemmalet s 2 [0;1] be �x ed. From the hypothesis

(2.7),by interpolation,we have that

kEuk[H̃2;H̃1]s
6 c2kuk[H2;H1]s

for all u 2 [H2;H1]s;

for somepositive constantc2.
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Next, from (2.8),by interpolation,weobtainthatfor somepositive constantc1

c1kRvk[H2;H1]s
6 kvk[H̃2;H̃1]s

for all v 2 [H̃2; H̃1]s :

Finally, for u 2 [H2;H1]s

kuk[H2;H1]s
= kREuk[H2;H1]s

6 c� 1
1 kEuk[H̃2;H̃1]s

:

Thiscompletestheproofof thelemma. �

3. INTERPOLA TION BETWEEN H2(W) \ H1
D(W) AND H1

D(W).

Let Wbe a polygonaldomainin R2 with boundary¶W= (¶W)D [ (¶W)N, where
(¶W)D is not of measurezero,and(¶W)D and(¶W)N areessentiallydisjoint and
consistof a �nite numberof line segments.Let H1

D(W) denotethespaceof all func-
tionsin H1(W) whichvanishon(¶W)D. Let ¶Wbethepolygonalline P1P2 � � � PmP1.
Herewe considerthat thesetf P1;P2; : : : ;Pmg consistsof all verticesof ¶Wandall
thepointsof (¶W)D \ (¶W)N. Wewill alsocall thepointsof (¶W)D \ (¶W)N vertices
of ¶W. Themainresultof thissectionis:

Theorem 3.1. Lets2 [0;1] be�xed andlet W� R2 bea polygonaldomainwith
Lipschitz boundary. Then

[H2(W) \ H1
D(W);H1

D(W)]s = [H2(W);H1(W)]s \ H1
D(W): (3.1)

In order to prove Theorem3.1 we introduce�rst somefurther notation.For
j = 1;2; : : : ;m, letU j beanopendiskcenteredatPj suchthatU j containsnovertices
otherthanPj . Next we addmoredisks,sayU j ; centeredat Pj ; j = m+ 1;: : :M;
suchthatPj 2 ¶WorU j � W, and

W�
M[

j= 1

U j :

By increasingthenumberM of disksandmodifying theradii of thedisks,we can
assumethat Pk is not in U j , for k 6= j andthe radii of the disksareequalto some
positive numberr1. Then,thereis a partition of unity f f j g

M
j= 1 subordinateto the

covering
M
[
j= 0

U j , i.e.,

supp(f j ) � U j ;
M

å
j= 0

f j (x) = 1 for all x 2 W: (3.2)
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Let usdenoteU j \ Wby Wj , j = 1; : : : ;M. Wenoteherethatonecan�nd r0 > 0
suchthat

dist(WnWj ;suppf j ) > r0 j = 1; : : : ;M: (3.3)

Further, for j = 1;2; : : : ;M, we de�ne (¶Wj )D and(¶Wj )N to be

(¶Wj )N := (¶W)N \ ¶Wj ; (¶Wj )D := ¶Wjn(¶Wj )N;

anddenotethespaceof functionsin H1(Wj ) which vanishon (¶Wj )D by H1
D(Wj ).

Also we introducethespaces

H2
� (Wj ) := f u 2 H2(Wj ) \ H1

D(Wj ) :
¶u
¶n

= 0 on ¶Wjn(¶W)g:

To prove Theorem3.1weassumefor themomentthefollowing result.

Theorem 3.2. Let Wj beoneof thedomainsde�ned above. Thenthere exist a
positiveconstantc such that

kuk[H2
� (Wj );H

1
D(Wj )]s

6 ckuk[H2(Wj );H
1(Wj )]s

(3.4)

for all u 2 [H2
� (Wj );H

1
D(Wj )]s \ M j(r), where

M j(r) := f u 2 H1(Wj ) : dist(WnWj ;suppu) > r0g:

In addition,we needalsothefollowing lemma.

Lemma 3.1. Let W0 � Wbedomainsin RN with Lipschitz boundary. Let m be
a nonnegativeinteger, 0 < s< 1 andr0 > 0. De�ne

M(r0) := f u 2 [Hm+ 1(W);Hm(W)]s : dist(WnW0;suppu) > r0g:

Thenthere is a positiveconstantc = c(s; r0) such that

kuk[Hm+ 1(W);Hm(W)]s
6 ckuk[Hm+ 1(W0);Hm(W0)]s

for all u 2 M(r0): (3.5)

Proof. SinceWhasLipschitzboundary(see,e.g.,[3], [6]), anequivalentnorm
on
[Hm+ 1(W);Hm(W)]1� s = Hm+ s(W) is thedoubleintegral norm

kuk2
m+ s;W := kuk2

Hm(W) + å
ja j= m

Z

W

Z

W

jDa u(x) � Da u(y)j2

jx� yjN+ 2s dx dy:

A similar statementholdsfor W0. Let u 2 M(r0). Then,

kukHm(W) = kukHm(W0)



New interpolationresults 7

andfor a �x edmulti index a with ja j = m wehave
Z

W

Z

W

jDa u(x) � Da u(y)j2

jx� yjN+ 2s dx dy = I1 + 2I2 =

=
Z

W0

Z

W0

jDa u(x) � Da u(y)j2

jx� yjN+ 2s dx dy+ 2
Z

WnW0

Z

W0

jDa u(x)j2

jx� yjN+ 2s dx dy:

Next, let K := f x 2 W0 : dist(x;WnW0) > r0g. It follows that

I2 =
Z

WnW0

Z

K

jDa u(x)j2

jx� yjN+ 2s dx dy =
Z

K

Z

WnW0

1
jx� yjN+ 2s dy jDa u(x)j2 dx

6 c
Z

K

jDa u(x)j2 dx 6 ckuk2
Hm(W0) :

Summingup theseestimatesweobtainthat(3.5)holds. �

Now wecanprove Theorem3.1.

Proof. ThespaceH2(W) \ H1
D(W) is densein H1

D(W) (seefor exampleTheorem
1.6.1in [10]). Applying Lemma2.2 with X = H2(W), Y = H1(W), X0 = H2(W) \
H1

D(W) andY0 = H1
D(W), weobtainthat

[H2(W) \ H1
D(W);H1

D(W)]s � [H2(W);H1(W)]s \ H1
D(W): (3.6)

In orderto prove theotherinclusionof (3.1),weneedto show thatfor apositive
constantc,

kuk[H2(W)\ H1
D(W);H1

D(W)]s
6 ckuk[H2(W);H1

D(W)]s
; (3.7)

for all u 2 [H2(W);H1
D(W)]s \ H1

D(W). We let c denotea genericpositive constant.
Let u 2 [H2(W);H1

D(W)]s \ H1
D(W). For j = 0;1; : : : ;M, let u j := f j u. Then,u =

M
å
j= 1

u j andby applyingLemma2.2,andTheorem3.2weobtain

kuk[H2(W)\ H1
D(W);H1

D(W)]s
6

M

å
j= 1

ku jk[H2(W)\ H1
D(W);H1

D(W)]s

6
M

å
j= 1

ku jk[H2
� (Wj );H

1
D(Wj )]s

6 c
M

å
j= 1

ku jk[H2(Wj );H
1(Wj )]s

:

Next, usingthefactthatmultiplicationby asmoothfunctionis continuouson
[H2(W);H1(W)]s, wehave

ku jk[H2(Wj );H
1(Wj )]s

6 cku jk[H2(W);H1(W)]s
6 ckuk[H2(W);H1(W)]s

:
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Combiningthe above estimateswe seethat (3.7) follows. Finally, from (3.6) and
(3.7)weconcludetheresult. �

3.1. Proving Theorem 3.2

To begin with, we considerthecasewhenWj = U j , i.e., Wj is a disk. We assume,
without loss of generality, that Wj is the unit disk U centeredat the origin of a
Cartesiansystemof coordinates.In thiscasewehave (¶Wj )D := (¶Wj ) and

H1
D(Wj ) = H1

0(U); H2
� (Wj ) = H2

0(U):

Let E : H1
0(U) ! H1(R2), be the extensionby zerooperator(for r > 1), and let

R: H1(R2) ! H1
0(U) de�ned asfollows.

First,we introducea smoothcutoff functionh which dependsonly on thedistance
r to theorigin andsatis�es

h (r) = 1 for 0 < r 6 1 and h (r) = 0 for r > 2:

Then,for a functionv 2 H1(R2) we de�ne Rv2 H1
0(U) by

(Rv)(r;q) := v1(r;q) � 3v1(1=r;q) + 2v1(1=r2;q); (r;q) 2 U;

where
v1(r;q) := v(r;q)h (r); (r;q) 2 R2:

Note that R : H i(R2) ! H i
0(U) for i = 1;2, and we can apply Lemma2.3 with

H2 = H2
0(U), H̃2 = H2(R2) andH1 = H1

0(U), H̃1 = H1(R2). Thus,

kuk[H2
0 (U);H1

0 (U)]s
6 ckEuk[H2(R2);H1(R2)]s

for all u 2 [H2
0(U);H1

0(U)]s;

for somepositive constantc. On theotherhand,by Lemma3.1wehave

kEuk[H2(R2);H1(R2)]s
6 ckuk[H2(U);H1(U)]s

for all u 2 [H2
0(U);H1

0(U)]s \ M(r0);

where
M(r0) := f u 2 H1(U) : dist(¶U;suppu) > r0g:

Usingtheabove two estimatesprovesTheorem3.2 in thisspecialcase.
Beforewe considerthe remainingcases,let us introducesomenew notation.

Let a ;b berealnumberssuchthata < b andb � a < 2p. Usingpolarcoordinates
(r;q) wede�ne thesectordomain

Sa ;b := f (r;q) : 0 < r < 1; a < q < bg

andthefollowing spaces:

Ĥ1(Sa ;b ) := f u 2 H1(Sa ;b ) : u = 0 for r = 1 g;
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Ĥ2(Sa ;b ) := f u 2 H2(Sa ;b ) : u =
¶u
¶n

= 0 for r = 1 g;

Ĥ i
g(Sa ;b ) := f u 2 Ĥ i(Sa ;b ) : u = 0 for q = g g;

Ĥ i
a ;b (Sa ;b ) := f u 2 Ĥ i(Sa ;b ) : u = 0 for q = a andq = bg;

wherei = 1;2 , g = a or g = b andthefunctionsarezeroon line segmentsor arcs
in thetracesense.

All theremainingcasesof Theorem3.2canbereducedto thefollowing standard
ones:
ThedomainWj coincideswith S0;w for somerealnumberw 2 (0;2p) and

� Case1. “Free-Free”:H1
D(Wj ) = Ĥ1(S0;w ) andH2

� (Wj ) = Ĥ2(S0;w ) or

� Case2. “Dirichlet-Free”:H1
D(Wj ) = Ĥ1

0(S0;w) andH2
� (Wj ) = Ĥ2

0(S0;w) or

� Case3.“Dirichlet-Dirichlet”: H1
D(Wj ) = Ĥ1

0;w(S0;w) andH2
� (Wj ) = Ĥ2

0;w(S0;w).

Next, we prove Theorem3.2in Case1.
Wede�ne thein�nite sectordomainS̃0;w by

S̃0;w := f (r;q) : r > 0; 0 < q < wg:

The operatorsE : Ĥ1(S0;w ) ! H1(S̃0;w ) andR : H1(S̃0;w ) ! Ĥ1(S0;w ) de�ned in
thecaseof thedisk, satisfythehypothesesof Lemma2.3with H i = H i(S0;w ), and
H̃ i = Ĥ i(S̃0;w ), i=1,2. Thus,Ĥ2(S0;w) is densein Ĥ1(S0;w ) andsimilar arguments
usedin thecaseof thediskcanbeusednow to show that

kuk
[Ĥ2(S0;w);Ĥ1(S0;w)]s

6 ckuk[H2(S0;w);H1(S0;w)]s
(3.8)

for all u 2 [Ĥ2(S0;w ); Ĥ1(S0;w)]s \ M(r0), wherec is apositive constantand

M(r0) := f u 2 Ĥ1(S0;w ) : dist(¶U;suppu) > r0g:

Therefore,theproof for Case1 is complete.
For theCase2andCase3wewill useagainLemma2.3,but weneedtoconstruct

operatorsE andRwith strongerproperties.
In orderto prove Theorem3.2 in Case2, let usassumefor themomentthatthe

following existenceresultholds.

Theorem 3.3. Leta < 0 besuch thatw � a < 2p. Then,there are linear oper-
ators E andRsuch that

E : Ĥ i(S0;w ) ! Ĥ i(Sa ;w) is a boundedoperator; i = 1;2; (3.9)
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R: Ĥ i(Sa ;w) ! Ĥ i
0(S0;w ) is a boundedoperator; i = 1;2; (3.10)

REu = u for all u 2 Ĥ1
0(S0;w ): (3.11)

First,we observe thatfrom (3.9),we getin particularthat

E : Ĥ i
0(S0;w ) ! Ĥ i(Sa ;w) is aboundedoperator; i = 1;2:

Fromthepreviouscasewe have that Ĥ2(Sa ;w) is densein Ĥ1(Sa ;w). Thus,we can
applyLemma2.3with H i = Ĥ i

0(S0;w ), andH̃ i = Ĥ i(Sa ;w), i=1,2andobtainthatfor
apositive c,

kuk
[Ĥ2

0 (S0;w);Ĥ1
0 (S0;w)]s

6 ckEuk
[Ĥ2(Sa ;w );Ĥ1(Sa ;w )]s

; (3.12)

for all u 2 [Ĥ2
0(S0;w ); Ĥ1

0(S0;w)]s.
From(3.9),by interpolation,we have thatfor anotherconstantc,

kEuk
[Ĥ2(Sa ;w );Ĥ1(Sa ;w)]s

6 ckuk
[Ĥ2(S0;w);Ĥ1(S0;w)]s

; (3.13)

for all u 2 [Ĥ2(S0;w ); Ĥ1(S0;w)]s.
Combining(3.12)and(3.13)weobtain

kuk
[Ĥ2

0 (S0;w);Ĥ1
0 (S0;w )]s

6 ckuk
[Ĥ2(S0;w );Ĥ1(S0;w)]s

; (3.14)

for all u 2 [Ĥ2
0(S0;w ); Ĥ1

0(S0;w)]s.

Now wecanusetheproofof Case1 to �nish theproofof Case2.Moreprecisely,
from (3.8)and(3.14),we seethat

kuk
[Ĥ2

0 (S0;w);Ĥ1
0 (S0;w )]s

6 ckuk[H2(S0;w );H1(S0;w)]s
; (3.15)

for all u 2 [Ĥ2
0(S0;w ); Ĥ1

0(S0;w)]s \ M(r0). Here,

M(r0) := f u 2 Ĥ1
0(S0;w ) : dist(¶U;suppu) > r0g:

Therefore,we have provedTheorem3.2in thiscasetoo.
For theCase3 we assumethatwe have thefollowing result.

Theorem 3.4. Leta < 0 besuch thatw � a < 2p. Then,there are linear oper-
ators E andRsuch that

E : Ĥ i
w(S0;w) ! Ĥ i

w(Sa ;w) is a boundedoperator; i = 1;2; (3.16)

R: Ĥ i
w(Sa ;w) ! Ĥ i

0;w(S0;w ) is a boundedoperator; i = 1;2; (3.17)

REu = u for all u 2 Ĥ1
0;w(S0;w): (3.18)

Wecanreducetheproofof Case3 to anestimatewhich follows from theprevi-
ouscase.Theargumentsaresimilar to thoseof Case2.
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4. PROVING THE EXISTENCE OF THE OPERATORSE AND R

Theproofsof Theorem3.3 andTheorem3.4 arebasedon thefollowing extension
result.

Lemma 4.1. LetWbea triangular domainin R2 with boundary¶W= (¶W)D [
(¶W)N, where (¶W)N = G is oneof the edgesof ¶W (G is an openinterval in R)
and (¶W)D consistsof theunionof theother two edges.Then,there exist a linear
operator P such that

P : H i� 1=2
00 (G) ! H i

D(W) and is a boundedoperator; i = 1;2: (4.1)

Here,
H1=2

00 (G) = [H1
0(G);L2(G)]1=2; H3=2

00 (G) = [H2
0(G);H1

0(G)]1=2;

and

H2
D(W) = f u 2 H2(W) : u =

¶u
¶n

= 0 on (¶W)D g:

Proof. For v 2 H1=2
00

(G) let ṽ denotetheextensionby zeroof v to therestof ¶W.
Then,for somepositive constantc we have

kṽk
H1=2(¶W)

6 ckvk
H1=2

00
(G)

for all v 2 H1=2
00 (G): (4.2)

For v 2 C¥
0 (G) wede�ne Pv to bethesolutionof theproblem:

Findb 2 H2(W) suchthat

8
<

:

D2b = 0 in W;
b = ṽ on ¶W;
¶b
¶n = 0 on ¶W:

(4.3)

It is known that (see,e.g.,Proposition1.3 in [8]) Problem(4.3) hasexactly one
solutionb 2 H2

D(W) � H1
D(W) and

kbkH2(W) 6 ckvk
H3=2(G)

6 ckvk
H3=2

00
(G)

for all v 2 C¥
0 (G); (4.4)

wherec is a positive constant.In addition,sincev 2 C¥
0 (G), we have b 2 H3(W)

(see,e.g.,Section3.4.2in [10]).
Next, in orderto estimatekbkH1(W) weconsiderthefollowing fourthorderprob-

lem.Findw suchthat �
D2w = � Db in W;

w 2 H2
0(W):

(4.5)
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The(weak)solutionw of theaboveproblemsatis�esw 2 H 3(W) \ H2
0(W) (see,e.g.,

Corollary3.4.2in [10]). Then,usingGreen's �rst andsecondidentities,weget

(Ñb;Ñb) = (� Db;b) = (D2w;b) = h
¶(Dw)

¶n
;bi + (Dw;Db);

where(�; �) and h�; �i are the inner productson L2(W) and L2(¶W), respectively.
Sincew2 H2

0(W) andDb isharmonicit followsfromGreen'sidentitythat(Dw;Db) =
0. Consequently,

kbk2
H1(W) 6 c










¶(Dw)
¶n










H � 1=2(¶W)
kbk

H1=2(¶W)
for all v 2 C¥

0 (G); (4.6)

wherec is apositive constant.Next, wehave









¶(Dw)
¶n










H � 1=2(¶W)
= sup

j 2H1=2(¶W)

h¶(Dw)
¶n ; j i

kj k
H1=2(¶W)

: (4.7)

Denotingtheharmonicextensionof j 2 H1=2(¶W) to Wby thesamesymbolj , and
applyingagainGreen's identity, we obtain

h
¶(Dw)

¶n
; j i = h

¶j
¶n

;Dwi � (Db; j ): (4.8)

In orderto estimatetheright handsideof (4.8),on theonehandwehave

j(Db; j )j = j(Ñb;Ñj )j 6 kbkH1(W)kj kH1(W) 6 ckbkH1(W)kj k
H1=2(¶W)

; (4.9)

andon theotherhandwe canprove that

jhDw;
¶j
¶n

ij 6 ckbkH1(W)kj k
H1=2(¶W)

: (4.10)

Indeed,usingtraceinequalitieswe have

jhDw;
¶j
¶n

ij 6 ckDwk
H1=2(¶W)

k¶j =¶nk
H � 1=2(¶W)

6 ckDwkH1(W) k¶j =¶nk
H � 1=2(¶W)

where 








¶j
¶n










H � 1=2(¶W)
= sup

q2H1=2(¶W)

h¶j
¶n ;qi

kqk
H1=2(¶W)

:

Let usdenotetheharmonicextensionof q 2 H1=2(¶W) to Wby thesamesymbolq.
By applyingGreen's identityandthefactthatj is aharmonicfunction,weobtain

h
¶j
¶n

;qi = (Ñj ;Ñq) 6 kj kH1(W)kqkH1(W) 6 kj k
H1=2(¶W)

kqk
H1=2(¶W)

:



New interpolationresults 13

Next, sinceW is convex, the operatorD2 de�nes an isomorphismfrom H3(W) \
H2

0(W) ontoH � 1(W) (Corollary3.4.2in [10]). Thus,weget

kDwkH1(W) 6 ckwkH3(W) 6 ckD2wkH � 1(W): 6 ckDbkH � 1(W) :

FromGreen's identityandthede�nition of thenegative normweseethat

kDbkH � 1(W) 6 kbkH1(W) :

Finally, from theabove estimatesweconcludethat(4.10)is proved.
Combining(4.6)-(4.10)we deducethat

kbkH1(W) 6 ckbk
H1=2(¶W)

for all v 2 C¥
0 (G); (4.11)

wherec is a constantindependentof thefunctionv 2 C¥
0 (G). From(4.2),(4.3)and

(4.11)wehave

kbkH1(W) 6 ckvk
H1=2

00
(G)

for all v 2 C¥
0 (G); (4.12)

Using(4.4), (4.12)andthedensityof C¥
0 (G) in bothH1=2

00
(G) andH3=2

00
(G), we can

extendthede�nition of P sothat(4.1) is satis�ed. �

Proofof Theorem3.3. LetO denotetheoriginof apolarcoordinatesystemused
to describethe sectordomainSa ;w. Let e > 0 be �x ed,andlet A, B, C, D denote
thepointswith polarcoordinates(1;0), (1;w), (1;a ) and(e;p), respectively (see
Figure1). Let I := (O;A) � (0;1), I1 := (D;A) � (� e;1) anddenoteby T, T1 the
triangulardomainsO, A, C andD, A, C, respectively.

We introduceheretwo new spaces:

H1=2
00;1(I ) := f u 2 H1=2(I ) :

Z 1

0

u2(x)
1� x

dx < ¥ g;

and

H3=2
00;1

(I ) := f u 2 H3=2(I ) : u(1) = 0;
Z 1

0

u0(x)2

1� x
dx < ¥ g:

For u 2 Ĥ1(S0;w), de�ne gu to bethetraceof u to theinterval I . Thus,

kguk
H i� 1=2

00;1
(I )

6 ckukH i (S0;w) for all u 2 Ĥ i(S0;w ); i = 1;2: (4.13)

Next, weconstructanextensionoperatorE1 whichtakesfunctionsde�ned onI into
functionsde�ned on thewholeinterval I1 andarezeroon theinterval (� e; � e=2).
WerequirethatE1 to satisfy:

kE1uk
H i� 1=2

00
(I1)

6 ckuk
H i� 1=2

00;1
(I )

for all u 2 H i� 1=2
00 (I1); i = 1;2; (4.14)
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D O A

C

B

w

a

Figure1. Sectordomain.

wherec is apositive constant.Oneway to constructE1 is thefollowing:
By Theorem1.4.3.1[9], one can �nd an extensionoperatorE2 which takes

functionsde�ned on I into functionsde�ned on theinterval J := (� 1;1) suchthat

kE2uk
H i� 1=2

00;1
(J)

6 ckuk
H i� 1=2

00;1
(I )

: for all u 2 H i� 1=2
00;1 (I ); i = 1;2:

Next, let h bea smoothfunctionon J which is equal0 on the interval (� 1; � e=2)
andis equal1 on the interval (0;1). The operatorE3 which multiplies a function
de�ned onJ with h andthentakestherestrictionof thenew functionto theinterval
I1 is continuousfrom H i� 1=2

00;1
(J) to H i� 1=2

00
(I1). Thuswecande�ne E1 by

E1(u) := E3(E2(u)) :

By Lemma4.1,we canextendE1(gu) to a functionb = P(E1(gu)) de�ned on
thewholetriangulardomainT1 andsuchthat(4.1)is satis�edfor W= T1 andG= I1.
Next, we considertherestrictionof b to thetriangulardomainT andtheextension
by zeroof thenew functionto thesectordomainSa ;0. Let b̃ bethefunctionobtained
by this process.Then,de�ne anextensionoperatordenotedEb mappingfunctions
de�ned on S0;w into functionsde�ned onSa ;w by

(Ebu)(x) =
�

u; if x 2 S0;w
b̃; if x 2 Sa ;0:

Combining(4.13)and(4.14)with thefact thattheoperatorsinvolved in de�ning b̃
arecontinuous,we getthat

kEbuk
Ĥ i (Sa ;0)

6 ckuk
Ĥ i (S0;w)

: for all u 2 Ĥ i(S0;w ): (4.15)
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Now we introduceanotherextensionoperatordenotedEe, whichcoincideswith the
classicalevenextensionoperatorwhenw = � a , mappingfunctionsde�nedonS0;w
into functionsde�ned onSa ;w by

(Eeu)(r;q) =

8
<

:

u(r;q); if (r;q) 2 S0;w

u(r; w
a q); if (r;q) 2 Sa ;0:

Finally, wede�ne therequiredoperatorsE andR, by

(Eu)(r;q) :=
a
w

(Eeu)(r;q) + (1�
a
w

)Eb(r;q); (r;q) 2 Sa ;w ;

and
(Rv)(r;q) :=

w
a � w

(v(r;q) � v(r;
a
w

q)) ; (r;q) 2 S0;w :

Simplecomputationsshow thatE andR have thedesiredproperties.
Theproof of Theorem3.4 is similar. TheoperatorsE andR from Theorem3.4

arede�ned in thesamemannerasin theabove proof.

5. AN APPLICATION TO A NONCONFORMING FINITE ELEMENT PROB-
LEM

In this section,we applytheresultsof thepreviousto a modi�ed Crouzeix-Raviart
nonconforming�nite elementapproximation.Let Wbe a polygonaldomainin R2

with boundary¶W. The L2(W)-inner productandthe L2(W)-norm aredenotedby
(�; �) andk�k, respectively. WeconsidertheDirichlet problem

�
� Du = f in W;

u = 0 on ¶W: (5.1)

We considerthesimpleboundaryconditionabove for convenienceof notation.All
of theresultsto begivenextendto Dirichlet problemswith mixedboundarycondi-
tions.

Thevariationalformulationof (5.1) is thefollowing:
Findu 2 V := H1

0(W) suchthat

a(u;v) = F(v) for all v 2 H1
0(W); (5.2)

whereF(v) = ( f ;v) and

a(u;v) =
Z

W
Ñu� Ñv dx for all u;v 2 H1

0(W):

Let T h beaquasi-uniformtriangulationof Wandlet h = max
t 2T h

diam(t ).
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Next, we considertheCrouzeix-Raviart �nite elementnonconformingspace

Vh := f vj v is linearonall t 2 T ;
v is continuousat themidpointsof theedges
v = 0 at themidpointssituatedon ¶Wg;

andde�ne onV + Vh thebilinearform

ah(u;v) := å
t 2T h

Dt (u;v); whereDt (u;v) =
Z

t
Ñu� Ñv dx

andtheassociatednorm
kukh :=

q
ah(u;u):

It is easyto show that the form ah(�; �) is positive de�nite on Vh. The Crouzeix-
Raviart approximationis: Find uh 2 Vh suchthat

ah(uh;v) = F(v) for all v 2 Vh: (5.3)

Thenext statementis aversionof Strang's Lemma[2, 6, 7].

Proposition5.1. Letu 2 V andw 2 Vh bearbitrary. Then

ku� wkh 6 inf
v2Vh

ku� vkh + sup
v2Vh

ah(u� w;v)
kvkh

(5.4)

Proof. Let ũ 2 Vh satisfy

ah(ũ;v) = ah(u;v) for all v 2 Vh:

Then,ah(ũ� u;v) = 0 for all v 2 Vh andconsequently,

ku� ũkh = inf
v2Vh

ku� vkh:

Thus,

ku� wkh 6 ku� ũkh + kũ� wkh = ku� ũkh + sup
v2Vh

ah(ũ� w;v)
kvkh

:

Moreover,
ah(ũ � w;v) = ah(ũ� u+ u� w;v) = ah(u� w;v):

Combiningtheabove estimateandequalitiesweobtain(5.4). �
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In particular, whenu is thesolutionof (5.2)andw = uh is thesolutionof (5.3),
weobtaintheestimate

ku� uhkh 6 inf
v2Vh

ku� vkh + sup
v2Vh

ah(u� uh;v)
kvkh

: (5.5)

If u 2 H2(W) \ H1
0(W), the�rst termof theright-handsideof (5.5)canbeestimated

by chjujH2 usingstandardapproximationproperties.For the secondterm,we can
usethefollowing result(see,e.g.,[2], [7]).

Lemma 5.1. Let u 2 H2(W) \ H1
0(W) be the solution of (5.2) and uh be the

solutionof thediscreteproblem(5.3). Then,for somepositiveconstantc

ah(u� uh;v)
kvkh

6 chjujH2; for all v 2 Vh; u 2 H2(W) \ H1
0(W): (5.6)

Consequently,

ku� uhkh 6 chjujH2 for all u 2 H2(W) \ H1
0(W): (5.7)

Themethodgivenby thediscretizedproblem(5.3)hasthedisadvantageof not
beingstablewhenF is only in V0 � H � 1(W). A modi�ed method,which is stable
on H � 1(W), canbede�ned asfollows.

First, we de�ne T h
2

to be the triangulationobtainedfrom T h by joining the

midpointsof the edgesof the trianglesin T h. Let Sh
2

be the standardconforming

�nite elementspaceof all functionsin H1
0(W) which are linear on eachtriangle

t 2 T h
2
. NotethatSh

2
� V.

Next, we de�ne theoperatorT : Vh � ! Sh
2

by Tv = w, where

1. w(x) = v(x) whenx is amidpointof anedgein T h,

2. w(x) = 0 whenx is avertex of ¶W,

3. w(x) = 1
nx

nx

å
j= 1

v(y j ) whenx is aninteriorvertex of T h, wherey1;y2; : : : ;ynx are

themidpointsof thoseedgesin T h, thatareadjacentto x.

Clearly, nx is boundedabove by a �x ed naturalnumber. Let Mh be the setof all
midpointsof theedgesin T h. Let Eh be thesetof all line segmentsconnectingin
eachtrianglesin T h the mid pointsof the edges.Finally, let Eh=2 be the setof all
edgesin T h

2
. Then,

kvk2 � h2 å
yi2Mh

v2(yi); v 2 Vh;
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kvk2
h � å

(yi ;yj )2Eh

(v(yi ) � v(y j ))
2; v 2 Vh;

and
jwj2H1(W) � å

(xi ;xj )2Eh=2

(w(xi) � w(x j ))
2; w 2 Sh=2:

Fromthewaywede�ned T andby usingtheaboveequivalences,it is easyto verify
that

jTvj2H1(W) 6 c ah(v;v); for all v 2 Vh (5.8)

and
kTv� vk2 6 ch2 ah(v;v); for all v 2 Vh; (5.9)

for somepositive constantc.
Considerthefollowing modi�ed versionof Problem5.3:Find ũh 2 Vh suchthat

ah(ũh;v) = F(Tv); for all v 2 Vh; (5.10)

Note that sinceTv is in V, (5.10) is well de�ned for F 2 V 0. We will usethe in-
terpolationresultsfrom theprevioustwo sectionsto prove anerrorestimatefor the
modi�ed method.

Theorem 5.1. Letu bethesolutionof (5.2)andlet ũh bethesolutionof (5.10).
Then,for s2 [0;1], wehavethefollowingerror estimate:

ku� ũhkh 6 chskukH1+ s(W) ; for all u 2 H1+ s(W) \ H1
0(W): (5.11)

Proof. For u 2 H1
0(W), wesetF(v) = (� Du;v) andde�ne Phu = ũh whereũh is

thesolutionto (5.10).By takingv = ũh in (5.10)andby using(5.8),we easilyget
that

kPhukh = kũhkh 6 ckukH1(W) :

This immediatelyimpliesthat

k(I � Ph)ukh 6 ckukH1(W) ; for all u 2 H1
0(W): (5.12)

Next, for u 2 H2(W) \ H1
0(W), from Proposition5.1,weobtain

ku� ũhkh 6 inf
v2Vh

kv� ukh + sup
v2Vh

ah(u� ũh;v)
kvkh

:

Usingstandardapproximationpropertiesgives

inf
v2Vh

ku� vkh 6 inf
v2Sh

ku� vkh 6 chjujH2(W) :
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To estimatethesecondtermin theright-handsideof theabove inequality, we note
that

ah(u� ũh;v) = ah(u� uh;v) + ah(uh � ũh;v); v 2 Vh:

FromLemma5.1,
ah(u� uh;v) 6 chjujH2(W)kvkh:

On theotherhand,with thehelpof (5.9),

ah(uh � ũh;v) = ah(uh;v) � ah(ũh;v) = ( f ;v) � ( f ;Tv)

6 k f k kv� Tvk 6 chjujH2(W)kvkh:

Combiningtheabove estimatesgives

k(I � Ph)ukh 6 chkukH2(W) ; for all u 2 H2(W) \ H1
0(W): (5.13)

Finally, from (5.12)and(5.13),by usinginterpolationandtheresultof Chapter3,
weobtain

k(I � Ph)ukh 6 chskuk[H2\ H1
0 ;H1

0 ]1� s
= chskukH1+ s(W);

for all u 2 H1+ s(W) \ H1
0(W). Thiscompletestheproofof thetheorem. �
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