SHIFT THEOREMS FOR THE BIHARMONIC DIRICHLET
PR OBLEM

CONSTANTIN BACUTA, JAMES H. BRAMBLE, AND JOSEPH E. PASCIAK

Abstra ct. We consider the biharmonic Dirichlet problem on a polygonal domain.
Regularity estimatesin terms of Sobolev norms of fractional order are proved. The
analysisis basedon new interpolation results which generalizesKellogg's method for
solving subspaceinterpolation problems. The Fourier transform and the construction
of extensionoperatorsto Sobolev spaceson R? are usedin the proof of the interpolation
theorem.

1. Intr oduction

Regularity estimatesof the solutions of elliptic boundary value problemsin terms
of Sololev-fractional norms are known as shift theoremsor shift estimates. The shift
estimatesare signi cant in nite elemen theory.

The shift estimatesfor the Laplace operator with Dirichlet boundary conditions on
nonsmath domains are studied in [2], [12], [14] and [18]. On the question of shift
theoremsfor the biharmonic problem on nonsmmth domains, there seemsto be no
work answering this question.

One way of proving shift resultsis by using the real method of interpolation of Lions
and Peetre[3], [15]and [16]. The interpolation problemswe areled to are of the following
type. If X and Y are Sololev spacesof integer order and X is a subspaceof nite
codimensionof X then characterizethe interpolation spaceshetweenX and Y.

When X is of codimensiononethe problemwasstudied by Kelloggin someparticular
casesin [12]. The interpolation results presened in Section 2 give a natural formula
connectingthe norms on the intermediate subspacegX ; Y]s and [X;Y]s. The main
result of Section 2 is a theorem which provides su cient conditions to compare the
topologieson [Xk ; Y]s and [X; Y ]s and givesrise to an extensionof Kellogg's method in
proving shift estimatesfor more complicatedboundary value problems.

In proving shift estimatesfor the biharmonic problem, we will follow Kellogg's ap-
proach in solving subspaceinterpolation problems on sector domains. The method
involves reduction of the problem to subspaceinterpolation on Sololev spacesde ned
on all of R2. This reduction requires construction of \extension" and \restriction" op-
erators connectingSololev spacesde ned on sectorsand Sololev spacesde ned on R?.
The method involvesalso nding the asymptotic expansionof the Fourier transform of
certain singular functions. The remaining part of the paper is organizedas follows. In
Section2 we prove a natural formula connectingthe normson the intermediate subspaces
[Xk;Y]s and [X;Y]s. The main result of the sectionis a theorem which provides su -
ciert conditions (the (A1) and (A2) conditions)to comparethe topologieson [Xk ;Y ]s
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and [X;Y]s. A new proof of the main subspaceinterpolation result preserted in [12]
and an extensionto subspaceinterpolation of codimensiongreater than one are given
in Section3. The main result concerningshift estimatesfor the biharmonic Dirichlet
problemis consideredin Section4.

2. Interpola tion resul ts

In this section we give some basic de nitions and results concerning interpolation
between Hilb ert spacesand subspacesising the real method of interpolation of Lions
and Peetre (see[15]).

2.1. Interp olation between Hilb ert spaces. Let X;Y be separableHilbert spaces
with inner products (; )x and (; )y , respectively, and satisfying for some positive
constarn c,

X is a densesubsetof Y and
kuky ckuky forallu2 X;

where kuk% = (u;u)x and kukZ? = (u;u)y.
Let D(S) denotethe subsetof X consistingof all elemens u sud that the antilinear
form

(2.1)

(2.2) vl (uv)x;, v2 X

is cortinuousin the topology inducedby Y.

For any u in D(S) the antilinear form (2.2) can be extendedto a cortinuous artilinear
formon Y. Then by Rieszrepresetation theorem,there existsan elemen Su in Y sud
that

(2.3) (u;v)x = (Su;v)y forallv2 X:

In this way S is a well de ned operator in Y, with domain D(S). The next result
illustrates the propertiesof S .

Prop osition 2.1. The domain D (S) of the operator S is densein X and consejuently
D(S) is densein Y. The operator S : D(S) Y ! Y is a bijective, self-adjoint and
positive de nite operator. The inverseoperator S 1 : Y ! D(S) Y is a boundel
symmetric positive de nite operator and

(2.4) (S 'z;u)x = (z;u)y forallz2Y;u2X
If in addition X is compactly emledded in Y, thenS ! is a compact operator.

The interpolating space[X;Y]s for s 2 (0;1) is de ned using the K function, where
foru2 Y andt> 0,

K (t;u) == inf (kugk% + t?ku  uok3)¥™:
Up2 X
Then [X; Y]s consistsof all uZZ Y sud that

1
t @CDK(tu)2dt< 1
0
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The normon [X;Y]s is de ned by -

1
KukS .y, == €2t G K (t; u)? dt;
0
where
Z 1 1os R N
Cs .= ) mdt = —sin( s)

By de nition we take
[X;Y]o:= X and [X;Y];:=Y:
The next lemma provides the relation betweenK (t; u) and the connectingoperator S.
Lemma 2.1. Forallu2 Y andt> 0,
K{tu?=t> (1+t*s ) *uu e
Proof. Using the density of D(S) in X, we have

. 2 _ : 2 2 2
K(tu) = uo;rg)f(s) (Kuoky + t°ku  ugks)

Let v = Sug. Then
(2.5) K (t; u)? = inf (S Wiv)y + t?%ku S vk2):
\"

Solving the minimization problem (2.5) we obtain that the elemen v which givesthe
optimum satis es
(I + tS Yy = t?u;
and
(S 'viv)y +t’%ku S ki =t* (I +t°S 1) tuju ¢

Remark 2.1. LemmaZ2.1 givesagotherexptessionfor the norm on [X; Y]s, namely:

1
(2.6) kuk? vy, = €2 t =% (1 +t*S ) tuu dt:

0
In addition, by this new expressionfor the norm (see De nition 2.1 and Theorem 15.1
in [15), it follows that the intermediate space [X;Y]s coincides topologically with the
domain of the unboundel operator S ) equipped with the norm of the graph of the
sameoperator . As a conseuen@ we havethat X is densein [X;Y]s for any s 2 [0;1].

Lemma 2.2. Let Xy, be a closal subspcoe of X and let Yy, be a closal subspce of
Y. Let Xy and Yy be equipped with the topology and the geometry induced by X and Y
resectively, and assumethat the pair (Xo; Yo) satis es (2.1). Then, for s 2 [0; 1],

[Xo; Yols  [X;YIs\ Yo
Proof. For any u 2 Y, we have
K(tu; X5Y) K (6 u; Xo; Yo):
Thus,
(2.7) KuKix:vis  KUKx o:vo]s forall u2 [Xo;Yols; s2]0; 1]
which provesthe lemma.
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2.2. Interp olation between subspaces of a Hilb ert space.

onalcomplemem of K in X in the ( ; )x inner product. We areinterestedin determining
the interpolation spacesof Xk and Y, whereon Xk we consideragainthe ( ; )x inner
product. For certain spacesXx and Y and n = 1, this problem was studied in [12].
To apply the interpolation results from the previous sectionwe needto ched that the
density part of the condition (2.1) is satis ed for the pair (Xk;Y).

For' 2 K, de ne the linear functional . : X ! C, by

U= (Ut )xs u2 X

Lemma 2.3. The spae X is densein Y if and only if the following condition is
satis ed:

+ is not boundal in the topology of Y

(2.8) forall' 2 K;"' 60:

Proof. First let us assumethat the condition (2.8) doesnot hold. Then for some' 2 K
the functional L. is aboundedfunctional in the topologyinducedby Y. Thus, the kernel
of L. is a closedsubspaceof X in the topologyinducedby Y. SinceX is cortained in
Ker(L.) it follows that

X' Ker(L )Y = Ker(L:):

HenceX fails to be densein Y.

Conversely assumethat X is not densein Y, then Y, = HY is a proper closed
subspaceof Y. Let yg 2 Y bein the orthogonal complemen of Yy, and de ne the linear
functional :Y ! C, by

u:= (Uyo)y; u2Y:

is a cortinuousfunctionalonY. Let bethe restriction of to the spaceX. Then
is a cortinuous functional on X . By RieszRepresetation Theorem,there is vy 2 X
sud that

(2.9) (u;vo)x = (U;Yo)y; forallu 2 X:

Let Px bethe X orthogonal projection onto K andtakeu = (I  Px)Vvp in (2.9). Since
(I Px)vo2 Xk wehave (I Px)Vo;Yo)y = 0and

0= ((I Px)vo;vo)x = ((I  Pi)vo; (I Px)Vvo)x:

It followsthat vo = PxVvp 2 K and, via (2.9), that = , is cortinuousin the topology
of Y. This is exactly the opposite of (2.8) and the proof is completed.

Remark 2.2. The resultstill holdsif werepla@ the nite dimensionalsubspoe K with
any closeal subspe of X .

For the next part of this sectionwe assumethat the condition (2.8) holds. By the
above Lemma, the condition (2.1) is satis ed. It follows from the previous sectionthat
the operator S : D(Sk) Y ! Y dened by

(2.10) (u;vV)x = (Sku;v)y  forall v2 Xg;
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has the sameproperties as S has. Consequetly, the norm on the intermediate space
[Xk;Y]s is given by:

Z 1
(2.11) kukf, v}, = C2 . t =% (1 +t’5Y) tuu, dt:

Let [X;Y]sk denotethe closureof Xk in [X;Y]s. Our aim in this sectionis to
determinesu cient conditions for ' ;'s sud that

(2.12) [Xk;Y]s = [X;Y]sk:
First, we note that the operators Sy and S are related by the following identit y:
(2.13) St=0 QS h

where Qg : X ! K is the orthogonal projection onto K. The proof of (2.13) follows
easilyfrom the de nitions of the operatorsinvolved.

Next, (2.13) leadsto a formula relating the norms on [X;Y]s and [X;Y]s. Before
deriving this formula in Theorem2.1, we introduce somenotation. Let

(2.14) (UV)xg = (I+t*S ) tuv  forallu;v2 X:

We may assume without loss,that My is the idertit y matrix.

Theorem 2.1. Letu be arbitrary in X. TZhen,

1
(2.15) Kuki, v} = KUk .y + ¢t &Y M did dt;
0

where < ; > is theinner producton C" andd is the n-dimensionalvector in C" whose
componentsare

The proof of the of the theorem can be found in [2].
Forn = 1, let K = spanf' g and denote Xx by X.. Then, for u 2 X., the formula
(2.15) becomes
z

2 2 2 ! 2s+1y J(U; )X'tj2
0 (" Ix
Next theoremgivessu cien t conditions for (2.12) to be satis ed. Beforewe state the
result we introducethe conditions:

(A1) [X:;Yls=1[X;Y]s, fori=1;:::5;n.

(A.2) Thereexist > 0and > 0sud that

xXo
it Dxa MM, ; i forall =( ;i )'2C"t2(;1):
i=1

In [2] we give the following result:
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Theorem 2.2. Assumethat, for somes 2 (0;1), the conditions (A.1) and (A.2) hold.
Then

Xk;Y]s = [X;Y]sk:
For completnesswe include the proof.

Proof. Let s be xed in (0;1). SinceXg is densein both thesespacesjn orderto prove
(2.12) it is enoughto nd, for a xed s, positive constaris ¢; and ¢, sud that

(2.17) CikuKpx vy, Kukpy, vpo Cokuky .y, forallu2 Xg:

The function under the integral sign in (2.15) is nonnegatiwe, so the lower inequality
of (2.17) is satis ed with ¢; = 1. For the upper part, we notice that, for u 2 X« and
wi = (I + 25 h tu

(Wi;U)y = (I + 251 tusu, = (Uu)y 12 S+ 2S¢ tfusu

(u;u)y  o(S)Kuks .y
It was proved in [2] (Theorem 2.1) that
(2.18) (Wk;u)y = (W;u)y +t 2 M, *d;d :

Then, using (2.11), (2.18) and the above estimate, we have that for any positive
number ,
Z 1
KUK vy CCiSKUKS vy + 2 (wi;u)d dt

Z 1 Z 1
o ; S)kUKS .y, + t 2 (w;u)? dt+ t % M, 'd;d dt:

Hencethe upper inequality of (2.17) is satis ed if onecan nd a positive andc= c( )

sud that
Z 1

(2.19) t 2% M, 'did dt  ckuki., forallu2 Xg:

From (A.2) , thereexist > Oand > 0 sud that

1 )@ . .2 f f 1
Mt ; J il ( i i)X;t
i=1
forall = ( q;:::; )'2C"t2(;1). Inparticular, for ;= (u;" Ix, i = 110250,
we obtain
XU i)xad®

M, d;d forallt2 (;1);u2 Xg;

o Gt dxa
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Z Z o .
! t 2s+1 Mt 1d,d dt X ! t 25+1J(IU;.Ii)X;t12dt
i=1 ( i i)X;t
Z o .
X ! t 25+1J(U; i)X;tJZdt
i 0 (it )xa
G kukf. iy G Pnkukfyy,

i=1

Finally, (2.19) holds, and the result is proved.

Remark 2.3. By LemmaZ2.3, the smpee Xk is densein [X;Y]s if and only if the func-
tionals L., ' 2 K are not boundal in the topology induced by [X; Y .

3. Interpola tion between subspaces of H (RN) and H (RVN).

In this sectionwe give a simpli ed proof of the main interpolation result preserned in
[12]. An extensionto the casewhenthe subspaceof interpolation has nite codimension
biggerthan oneis also considered.

Let 2 R andlet H (RV) be de ned by meansof the Fourier transform. For a
smaoth function u with compactsupport in RN, the Fourier transform 0 is de ned by

Z

a()=(2 ) N? ux)e ™ dx;

wherethe integral is taken over the whole RN . For u and v smaoth functions the

-inner product is de ned by
z

<uv> = (1+]j3) a()e()d:

The spaceH (RN) is the closureof smaooth functions in the norm induced by the
-inner product. For ; realnumbers( < ), ands?2 [0;1]it is easyto ched, using
Remark 2.1, that

H (RY);H (RY) = H* "¢ 9 (RV):
For' 2 H (RV), we areinterestedin determining the validity of the formula
(3.1) H. (RY);H (RY) .= H (RY);H (RY) _.:

For certain functions ' the problem is studied by Kellogg in [12]. Next, we give a
new proof of Kellogg'sresult concerning(3.1) and extend it to the casewhenH. (RV) is
replacedby a subspacef nite codimension. First, we considerthe casewhen0= < .
The operator S, asseiated with the pair X = H (RN), Y = HO(RN) = L?(RN), is given
by

Su= 20; u2D(S)=H? (RY);
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where ()= (1+] jz)%, 2 RN. For the remaining part of this chapter, H denotes

the spaceH (RN) andH® isthe spaceftiju2 H g. Fora, ¢ 2 H , wede ne the inner

product and the norm by .

;0 =  2avd; joj = (00"

To simplify the notation, we denotethe the inner products (; )oand< ; >g by (;)
and< ; >, respectively. The normjj jjo on H® or K° is simply jj jj.
Let 2 H¥ besud that for someconstarts > 0andc> 0,

(3.2) j() ) T2roj<c T2t forall > 1
where Oand! 2 SN 1 (the unit sphereof RV) are the spherical coordinates of

2 RN, and where (! ) is a bounded measurablefunction on SN 1, which is non zero
on a set of positive measure.

Remark 3.1. From the assumption (3.2) albut and by using Lemma 2.3, we have
that

(3.3) K is densein B if and only if o

Theorem 3.1. (Kellogg)Let' 2 H besuchthat its Fourier transform satis es (3.2),
andlet o= o= . Then

(3.4) HoiH® = H H® ;0 s L1 s6 g
Proof. From the way we de ned < ; > , (3.4) is equivalert to
h [ h [
(3.5) H A = BH:A° ;0 s 1,1 s6 g
S s;'

Following the proof of Theorem 2.2, we seethat in order to prove (3.5), it is enough
to verify (2.19) for somepositive constarts ¢ = ¢(s) and . Using (2.16), the problem
reducesto 7

1 . 2
t (@s+D) %dt ckOk[zx vy, foralla2X ;
y Xt

whereX = B andY = H° Denotingl s= and (t)=(; )xu this becomes

2

4

Z 1 2 02.
+121

(3.6) | = 2 3 dt ckok® foralla2 B

4
Z i
Using (3.2) it is easyto seethat, for a large enough 1

4

(3.7) ct?te D forall t

2 + t2’
and (3.2) alsoimplies that
(3.8) j()i<djz2re for jj> L
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Beforewe start estimating |, let uszobser\e that by using sphericalcoordinates
1

(3.9) kok? = u?()d; 028 ;
0
here
" N 1 z 1=
uo)= () = G HEd ()= )
ji=1
First, we considerthe case0< < yandset ;:= .Fora2 B we have
‘o C_ ., %o 7
2 4 t2° - 2 4 t2°

Thus, by this obsenation and (3.7) we get
Z, Z 2

| ¢ 321 (7)2'0()()@ dt:
Oz @ /
Then,
1 (Y 2
I = t3 21 WJO()()Jd dt

ji<1

th3 21 Z 2 Zl

c = jo() ()jd  dt ¢t @2 I dtkak?®k k¥ ¢ )kok? :
ji<1

On the other hand, by Fubini's theorem, we have

Z, Z ()2 ,
b= e S ial) (id
jj>1
Z, z ()2 5 .
= U O OFd elt() Od
jj>1 i1
z Z . 21 o2l
:jj>1jj>1lo()0()()()1 () () ()2 +12 ()2 +t2 dtd d:

To estimate the last integral we usethe formula

VA 1
t3 2 1al bt
: = 5—— 0< <20 61 ab>0
(3.10) . @+ Do+ t2)dt 2 2 b 0 2 a
The integral can be calculated by standard complex analysistools. If a = b, then the
right side of the above identity is replacedby 1—Cra . Next, by using (3.10), (3.8) and
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sphericalcoordinates = (;!), = (r; ), we obtain
1 1

l2 () l( (N (N2 (1) 22" °Ry ,((N*; ())HUMU()d dr;

1
wherefor 2 (0;1), x > 0,y > 0, we denote

X Y - forx6y
. = Xy
R () x L forx=y:
The function x ! R (X;y) is decreasingon (0;1 ) foreahvy 2 (0;1 ) and it is
symmetric with respectto x andy.
Using this obsenation, we get

I, ) l l(r)%+ 'Ry ,(r*; %) U()U(r) drd
1 1
z.,Z,
o) K(r; )U(r)u( ) drd;
0 0
where
(3.11) K(; )= (r) z* 'Ry ,(r2; 2):

In order to estimate the last integral, we apply the following lemma.

Lemma 3.1. (Schur) SupmseK (X;y) is nonnajative, symmetric and homaen®us of
degree 1, andf, g are nonnega%ive measurable functions on (0; 1 ). Assumethat
1

k= K(l;x)x%dx< 1:
0
Then
£t Z3 : 2, :
(3.12) K y)f (x)ay) dx dy  k f (x)? dx o)’ dy :
0 0 0 0

We will prove this lemma later. For the momer, we seethat the function K (Xx;y),
given by (3.11), is homogeneousif degree 1, and satis es
1

k= K(x;l)x%dx< 1:
0
Indezetli x2 @ 1 1 thl 1 ot l
k= Ox“ lﬁdx . T dt < 1;for0< ;<1
By Lemma3.1, Z,

L, o) OUZ()d o( )kak?

and by combining the estimatesl; and I ,, we obtain (3.6).

Let us considernow the case o < < 1,andlet ; = o- Then, by using (3.7),
we have 7 7
' 0 g
| ¢ t?:1 —7 _jo() ()jd dt

()7 +1
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The remainingpart of the proof is very similar to the proof of the rst case.The theorem
is proved.

Proof of Lemma3.1. By Fubini's theorem, it follows
YA 1 Z 1 Z 1 Z 1
o K y)f (x)g(y) dx dy = . f(x) . K(xy)g(y) dy dx
Z 1 YA 1 Z 1 Z 1
f(x) xK(x;xt)g(xt) dt dx = f (x) K (1;t)g(xt) dt dx
7 0 (Z 0 0
1 1
K(1;t) f (X)g(xt) dx dt
0 0
Z, Z A 1
K (1;1) f (x)? dx g(xt)? dx dt
0 0 0
Z, ) Z, 1 Zy
K(1;t)t 2 dt f (x)? dx g(x)? dx
0 0

N[

0

Next we preparefor the generalizationof the previousresult.
Let 1; i n2H (RN) sud that for someconstarts > 0 and ¢c> 0 we have

ji() S()i<c z 2+ forjj>1
(3.13) 0< i< ;i=21::5m

where
N

T()=h() AT =)
andh () is aboundedmeasurablegunction on SN 1, which is non zeroon a setof positive
measure.
De ne
4 i 4~
i () = ﬁ;j ;M= L

Z,

~

jj27+t2’j;i ;

X X

1
[ 51:= —(b;h) X2+ 1)

where( ; ) isthe inner product on L2(SN 1),
Clearly, [ ; ]is aninner product onspanf 5 ji = 1;2;:::;ng.

ax; i, j = L2

Lemma 3.2. With the alove setting we have
(3.14) S =T

(3.15) M T ettizost> g
for someconstantsc> 0, > 0 and 1.

Proof. By using sphericalcoordinates, we have

Z Z, . z

d= ———d h()g()d:

jj2 +t2 i o 2 + 12

T (1) =

jj=1
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The changeof variable = tx in the rst integral completesthe proof of (3.14). The
proof of (3.15) is straightforward.

Theorem 3.2. Let' ;' 5;:::;" n 2 H be suchthat the correspnding Fourier trans-
forms q; ,;:::; , satisfy (3.13) and in addition, the functions ~3; —;:::; 7, are lin-
early independent.
Let K = spanf' ;' 5;:::;" hg. Then
HH = [H ;H%%k ; L s) 6 4 fori=12:::;n:

Proof. We apply the Theorem2.2for X = H ,Y = H? K = spanf' 4;:::;' ,gands
sudh that (1 s) 6 ,i= 1,2 :::;n. By usingthe hypothesis(3.13) and Theorem
3.1, we get

H. ;H% = [H ;H s s fori=12::1;n
So(Al) is satis ed. In order to verify the condition (A2) , we rst obsene that
(My)j = (t). By denoting D; = diag(M;), the condition (A2) can be written as
follows:
Thereare > 0and > 0 sud that

M; Dy O foralt2(;1);

where for a squarematrix A, A 0 meansthat A is a nonnegative de nite matrix.
From the previouslemmawe obtain the behavior of (M;);; for t large:

My = [T 51+ f@) t et
wherejf (t)j < ct ,fort> . Denote N, M the n X n matricesde ned by
(M) = [T 51+ f3 (05 (M) =[5 5]

(M¢  Dyz;z = (M Doz z
where< ; > istheinner productonC" and (z)i =z ti %, i=1;2:::;n.
Hence,the condition (A2) is satised if onecan nd > 0, > 0, sud that
v D: O forallt2 (;1):

positive de nite matrix on C" and

&léml (Mt Dt) = M:
Therefore,there are > 0, > 0 sud that M; D> 0,foralt2 (;1), and
(A2) holds. The result is proved by applying Theorem2.2.

The correspnding caseof interpolation betweensubspacef H of nite codimen-
sionsandH , where , arerealnumbers, < ,isadirect consequencefthe previous
theorem.

Let < and' ;' .:::' n 2 H besud that the correspnding Fourier transform
1, 2;..:; n satisfy for somepositive constarts c and ,
(3.16) ji() GQ)i<e TErooforjj>1
< < =L
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where
S()=h() T 2tho=(0);

andh () is aboundedmeasurableunction on SN 1, which is non zeroon a setof positive
measure.

Theorem 3.3. Let' 4;' 5;:::;"' n 2 H be suchthat the correspnding Fourier trans-
forms 1; o;:::; n satisfy (3.16), and in addition, the functions ~;; ;:::; 7, are lin-
early independent. Let L = spanf’ 1;' 2;:::;" ng. Then
(3.17) H:H] =H HJ]L;s +(1 s) 6 j;fori=12:::;n:
Furthermore ,if s + (1 s) < minf ;; i=1;2;:::;ng, then
(3.18) HH s = H> 9
Proof. The rst part follows from the main theorem3.2 and the factthat T: H ! H?°
denedby Tu= 0; u2H isanisometryfromH toH forany 21 ; ].

Now let s < minf ;; i = 1;2;:::;ng. By the rst part of the theorem, in order to

prove (3.18) we needonly to prove that H, is densein HS *@ S | By Lemma 2.3, this
is equivalert to proving that

(
H 3u ! <u' > = (0" ;

(3.19)
is not boundedin the topology of HS *@ S forall' 2L;"' 6 0:

P
Fora xed ' 2L wehave”™= ¢ ;.
i=1

function (better than ', i = 1;2;:::;n). More precisely the asymptotic expansion
at innit y of " is of the sametype (except maybe a di erent b-part) with one of the
functions T; T;:::; Th. Thus, it is enoughto chedk (3.19)for" 2 f' 4;' 5;:::;" Q.

Assumingthat ., is cortinuous, it implies that

(0; ) =(0f)s+a s ;U2 H

for a function f; 2 Bs *@ )
Thus, by usingthe density of H in HS, fors< ,wegetthat f; = 2 25 *1 ),
On the other hand,

Z Z
2(s +(1 s) )jfijZd - 2 2s +2$j iJ'Zd
Zl
C 2 2s +2s N4+2iN1d
Zl
= ¢ W2 s+ 9N = 1

fors + (1 s) < minf j; i=1;2;:::;ng. This completesthe proof.
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4. Shift theorem for the Biharmonic operator on pol ygonal domains.

Let be a polygonaldomainin R? with boundary @ . Let @ be the polygonal arc
P.P,  PnPi. At ead point P;, we denotethe measureof the angleP; (measuredfrom
inside ) by!;. Let! :=maxf!;:j=12:::;mg.

We considerthe biharmonic problem Givenf 2 L?(), nd u sud that

< Zu=f in ;
(4.2) u=0on @;
@ — .
o " 0O on @:
Let V = HZ() and
Z
X @u @v
a(u;v) = dax; u;v;2 V:
(uv) 1 2 CACINCHECS

The bilinear form a de nes a scalarproduct on V and the induced norm is equivalert to
the standard norm on H2(). The vgriational form of (4.1) is: Find u 2 V sud that

(4.2) a(u;v) = fvdx forallv2V:

Clearly, if u is a variational solution of (4.2), then one has 2u = f in the sense
of distributions and becauseu 2 H3(), the homogeneousoundary conditions are
automatically ful lled. As donein [2], the problem of deriving the shift estimate on
can be localized by a partition of unity sothat only sectorsdomains or domainswith
smooth boundariesneedto be considered.If is a smooth domain, then it is known
that the solution u of (4.2) satis es

kukgsy ckfk; forall f 2 L?() ;

and
kukyzy  Ckfky 2y ; forallf 2 H 2() :

Interpolating thesetwo inequalities yields
Kukoips CkFK 2105, forallf 2H 225() ; 0 s 1

So we have the shift theoremfor all s 2 [0;1]. Let us considerthe caseof a sector
domain. The threshold, sy, belov which the shift estimate for a polygonaldomain holds
is given, asin the Poissonproblem, by the largestinternal angle! of the polygon. Thus,
it is enoughto considerthe domain S! de ned by

S =1(r; );0<r<1 !I=22< <=2
We asseiate to (4.1) and = S,, the characteristic equation
(4.3) sin?(z! ) = z2sin?! :

In order to simplify the exposition of the proof, we assumethat
r r

12 sin! 2

sin! 2 16 1 12

(4.4) sin

and
Rez 6 2 for any solution z of (4.3):
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The restriction (4.4) assuresthat the equation (4.3) has only simple roots. Let

[7],[10Q], [13],[17]) that the solution u of (4.2) can be written as

X
(4.5) u=ugr+ kS,

j=1
whereug 2 H%() andforj = 1;2;:::;n, we have Sj(r; )= r**au( ),
u; is smooth functioann [ 1'=21=2]sud that u;( !=2) = u(! =2) = ujo( 1=2) =
u(!=2) = 0,k; = g f'; dx and g is nonzeroand dependsonly on! . The func-
tion ' ; is called the dual singular function of the singular function S§; and ' (r; ) =
(r)rt %y () w,wherew; 2V is de ned for a smooth truncation function to be
the solution of (4.2) with f = 2( (r) r* Zu;( )). In addition,

(4.6) KurK4() ckfk;  forall f 2 L2() :

Next, we de ne K = spanf' 1;' 5;:::;" ng. As a consequencef the expansion(4.5)
and the estimate (4.6) we have
4.7 kukhay ckfk;  forall f 2 L?() :
Combining (4.7) with the standard estimate

Kukyz(y  ckfky 2y ; forallf 2 H 2() ;

we obtain, via interpolation
(4.8) Kukipeoy w22 s OKFkzg wom 200 4 o5 2 (071

Let sp = minfRe(z) jj = 1;2;:::;ng. Then, we have

Theorem 4.1. If 0< 2s< sgand =S, then

(4.9) L) «:H 200 1 s=[L20) iH 20)] 1 &

Proof.  First we prove that there are operatorsE and R sud that

E:L%() ! L3%R); E:HZ) ! H*R?;
R:L%R? ! L) ; R:H*R? ! H)

are boundedoperators,and REu= u; forall u2 L?().

Indeed, E canbetakento be the extensionby zerooperator.

Todene R, let = (r) be asmaoth function on (0;1 ) sud that (r) 1 for
O<r 1and (r) Oforr > 2. Dene :%;a:— and
()= t 5 k()= —5H 2+ 5 2[0 I
Note that ¢ (0) = and g( )= , i = 1,2 For a smooth function u de ned on R?

we de ne Ru := us, where
Stepl. u; = u
Step2. uy(r; ) = ug(r; )+ 3ug(l=r; ) 4uy(1=2+1=2r); ); r<1, 2[0,2):
Step3. ForO<r<1

up(r; )+ au(r;g( ) L+ aua(r;ge()); 0 <!=2

U )= (e )+ a(rs g ) L+ au(n g ); !=2< <O
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One can ched that, for u 2 H3(R?), uz 2 H2() and REu = u. The operator R can
be extended by density to L?(R?). The extendedoperator R satis es all the desired
properties.

Next, let ; bethe Fourier transformof E' ;; | = 1;:::;n. Using asymptotic expan-
sion of integrals theory preseited in the Appendix 5.2, we have that the functions

ji() FQ)j<c POz forjj>1
(4.10) 2< 2+s5<0i=1::::n;

wheres; = Re(z) and
S()=h() ¥ 2s); = (;1)in polar coordinates
and b () is a bounded measurablefunction on the unit circle, which is non zeroon a

the hypothesis(3.16) of Theorem3.3with N = 2, =0, = 2and ;= 2+ g,
j = L,::5;n. Denoting L := spanfE' j; j = 1;:::;ng, by Theorem 3.3 applied with
1 sinsteadof s, we have that
(4.11) [L2(R*)L;H 2(RA)]1 s = [L3(R?):H *(R:)l1 s = H *2%(R?);
for 2s< sp := minfRe(z); | = 1,2;:::;ng.

Finally, using (4.11), the operatorsE , R and Lemma 5.1 (adapted to the casewhen

we work with subspace®f codimensionn > 1), we concludethat (4.9) holdsfor 2s < s.
From the estimate (4.8) and the interpolation result (4.9) we obtain

KuKpszs CKkfK 2i2s; forallf 2H 25() : 0 2s< so:

The above estimate still holds for the casewhen is a polygonal domain and sg
correspndsto the largestinner angle! of the polygon. Figure 1 (seebelow) givesthe
graph of the function ! ! 2+ so(! ) which represets the regularity threshold for the
biharmonic problemin terms of the largestinner angle! of the polygon. On the same
graph we represen the the number of singular (dual singular) functions as function of
I 2 (0;2 ). Note that if ! is biggerthan 1:43 , which is an approximation for the

solution in (0; 2 ) of the equationtan! = !, the spaceK hasthe dimensionsix.
5. Appendix
5.1. App endix A. An interp olation result. Let € be domainsin R? and

V1(), V(€)besubspacesfH() ;H(§, respectively. OnVi() ; V(&) weconsider
inner products sud that the induced norms are equivalent with the standard normson
H() ; HY(®), respectively. In addition, we assumethat V() ; V(€) are densein
L2() ;L2(8, respectively. Let's denotethe dualsof V() : VX(§ byV () ; V (8,
respectively. We supposethat there are linear operators E and R sud that

(5.1) E:L%) ! L*®); E:VY) ! VX§ areboundedoperators

(52) R:L%®)! L%);: R:VY§ ! V) ; areboundedoperators
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omega 7Pi 1.23Pi 1.43Pi 2Pi

Figure 1. Regularity for the biharmonic problem.

(5.3) REu=u forallu2 L?() :
Let 2L?%) ,€=E 2L?%9§ and 2 (0;1) besud that
(5.4)  L%() :=fu2L?) :(u )= 0g isdensein [L%() :V ()]

(5.5) L%(§ ¢:=fu2L%8§ :(u;©) =0g isdensein V %§ ;

(5.6) [L2(®)e;V (51 = [L%(®):V YO :

Lemma 5.1. Using the alove setting, assumethat (5.1)-(5.6) are satis ed. Then,
(5.7) L) 5V *O1 = 1L20) 5V )

Proof. Using the duality , from (5.1)-(5.3) we obtain linear operatorsE , R sud that
(5.8) E :LX§ ! L%); E :V X§ ' V ) : areboundedoperators

(5.9) R :L%() ! L¥8: R :V Y) ! V 8§ areboundedoperators

(5.10) ERu=u foralu2L?) ;
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(5.11) E maps L?(®). to L3() ;

(5.12) R maps L3() to L?(®)e:

From (5.8) and (5.11), by interpolation, we obtain

(5.13) KE VKo w 1n SKVK2ey .y 1(g forall v2 L%(§ .

Foru 2 L?() ,letv:= R u. Then, using (5.12), we have that v 2 L?(§ .. Taking
v:= R uin (5.13) and using (5.10), we get

(5.14) Kukiz) w1y KR UKy zey .y 1gg for all u2 L?()
Also, from the hypothesis(5.6), we deducethat

(5.15) KR UK 26 v 1ey KR UK 26y 1e;  forall u2L?()
From (5.9), again by interpolation, we have in particular

(5.16) KR UKy 2 v 1ep  CKUKL2() v 1()) forall u2 L%()
Combining (5.14)-(5.16) it follows that

(5.17) Kukizy v iy CKuKpz(y v 1) forall u2 L?()

The reverseinequality of (5.17) holds becausel?() is a closedsubspaceof L2().
Thus, the two norms in (5.17) are equivalert for u 2 L?() . From the assumption
(5.4), L2() isdensein both spacesappearingin (5.7). Therefore,we obtain (5.7).

Remark 5.1. The proof dces not changeif we consider € to be domainsin RN
and H?! is replaed by any other Solwlev space of positive integer order k.

5.2. App endix B. Asymptotic expansion for the Fourier integrals. For a more
generalpreseniation of asymptotic expansionof functions de ned by integrals see[4],
[8], [19.

Integrals of the form 7
b

et (t) dt;
a
are called Fourier integrals. We shall presen the asymptotic behavior asx ! 1 of the

Fourier integrals for a particular type of function f. If and are two real functions

de ned on the interval | = (0;1 ) and s a strictly positive function on |, we write
=0O( )asx! 1 if = isboundedonanintervall = ( ;1) for a positive , and
=o )asx! 1 if |'I{n = =0.
X!

Theorem 5.1. Let be a continuously di er entiable function on the interval [a;b] and
2 (0;1).
a) If (b= Othen
Zy
et a @)dt= () (a)ez'l 2e@x  + O(x Y):

a
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b) If (a); 0 then
b
b t) P()di= ( ) (be z' €°x +O(x Y):

a

Here is the Euler's gammafunction.

Remark 5.2. The resultholdsfor = 1 provided O(x !) is replaed by o(x !) in the
alove formulas.

The proof of Theorem5.1 can be found in [8] Section2.8.

Next we study the asymptotic behavior of the Fourier transforms of the dual singular
functions which appearin Section4. To this end,let = (r) be asmaooth real function
on[0;1 ) sudhthat (r) Oforr > 3=4 andlet u= u( ) beasuciently smaoth real
function on [0; 2 ]. For any non-zeros 2 ( 1;1) we de ne

ux) = (rou( );  x=(r; )2 R?
and 7
(:1)y=20()= €& uX) dx =(:1)2R?%
R2

where(r; ) and (; ! ) arethe polar coordinatesof x and , respectively. One caneasily
seethat
V4 1 V4 2

(5.18) (;1)= (r)r*su( )e" cost ) d dr:
0 0
To study the asymptotic behavior of for large , we usethe technique of [12]to reduce
the doubleintegral to a singleintegral. Fora xed ! , weconsiderthelinercog !)=1t
in the x planeand denoteby I(t;! ) the intersectionof this line with the unit disk. Next,
in the (r;t) variablesthe integral (5.18) becomes:
1

(5.19) ()= g dt
1
where
_ (ryrt+e .
g(t) = PWU( ) dr;
It )
=1l +cosi(t=r),if 2[1;!'+ Jand =1! cosi(t=r), if 2 :1]. The

function g is cortinuous di erentiable on [ 1;1] and g( 1) = g(1) = 0. Thus, from
(5.19) we have

[ =
(5.20) (;1)= - git)e' dt
1
The function g can be descriked as
1 (r)r1+s YA 1 (r)r1+s
g(t) = pz—tzu(! + cos (t=r)) dr + pz—tzu(! cos (t=r)) dr;
o r T
R0

R
and the integral in (5.20) canbe split in =, + 01. Thus, the function is de ned by a
sum of four integrals. We will useTheorem5.1in orderto nd the asymptotic behavior
as ! 1 ofead of the integrals. We shall presen the estimate for only one of them.
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Let s2 ( 1;0) be xed and let h be the function de ned by
Z 1 (r)r1+s
h(t) = p—=—=u( ) dt;
t r2 t2

where =1 + cos (t=r). We apply Theorem5.1 for the integral
1

(5.21) hqt)e' dt:

0
To compute hqt) (by Leibnitz's formula) we setx = r t to rewrite h as

1t (Xn+ t,)(x + t)1+s

h(t) = — dx:
(t) i PP u() dx
This Ieadstl(l)
t
D) = EU @ (0D, T QOO ok 0k i o)
B XU X+ 2t PXUXF 2t TX(x + 2t)32
0
#
X+ t)(x + t)°
v u{ ) dx
Going bad to the r variable, via the changer = x + t, we get
Z1
(L+s) (nNrs  qryri*s (r)yrirs
h't) = a + D a
o Tz 2 Ttz @2 2 t2(r + t) ue)
t
#
S
(0)r u ) dr

r+t

A new change of variable r = yt leadsto the fact that hqt) = tS (t), where the
function is cortinuousdi erentiable on [0; 1], (O) isin generalnot zeroand (1) = 0.
Accordingto Theorem5.1 (with = 1+ s) we have that

1
(5.22) hqt)e' dt=b(!) *s+0O( Y
0

where the constart in the term O( 1) is bounded uniformly in ! . Therefore, from
(5.19) and (5.22), for the cases 2 ( 1;0) we obtain that
(5.23) (;1)=H!) 2°+0( ?;
where the constart in the term O( ?) is bounded uniformly in ! . By Remark 5.2,
(5.23) holds for s = 0 provided O( ?) is replacedbe o 2). The cases 2 (0;1) can
be treated in a similar way. Sinceh1) = 0, one can easily seethat in fact we have
g91) = 0andg¥ 1) = 0. Then, from (5.19) we get

Z 1
(5.24) (:1)= —21 g’ft)et dt:

1

All the considerationsfor g usedin the cases 2 ( 1;0) can be reproducedin the case
s 2 (0; 1) for the functions g°in order to get

(5.25) (;1)=n0) 2°+0( %
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wherethe constart in the term O( 3) is boundeduniformly in ! .
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