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Abstra ct. We consider the biharmonic Dirichlet problem on a polygonal domain.
Regularity estimates in terms of Sobolev norms of fractional order are proved. The
analysis is basedon new interpolation results which generalizesKellogg's method for
solving subspaceinterpolation problems. The Fourier transform and the construction
of extensionoperators to Sobolev spaceson R2 are usedin the proof of the interpolation
theorem.

1. Intr oduction

Regularity estimates of the solutions of elliptic boundary value problems in terms
of Sobolev-fractional norms are known as shift theoremsor shift estimates. The shift
estimatesare signi�cant in �nite element theory.

The shift estimatesfor the Laplace operator with Dirichlet boundary conditions on
nonsmooth domains are studied in [2], [12], [14] and [18]. On the question of shift
theorems for the biharmonic problem on nonsmooth domains, there seemsto be no
work answering this question.

One way of proving shift results is by using the real method of interpolation of Lions
and Peetre[3], [15]and [16]. The interpolation problemsweareled to areof the following
type. If X and Y are Sobolev spacesof integer order and X K is a subspaceof �nite
codimensionof X then characterizethe interpolation spacesbetweenX K and Y.

When X K is of codimensiononethe problemwasstudiedby Kelloggin someparticular
casesin [12]. The interpolation results presented in Section 2 give a natural formula
connecting the norms on the intermediate subspaces[X K ; Y ]s and [X ; Y]s. The main
result of Section 2 is a theorem which provides su�cien t conditions to compare the
topologieson [X K ; Y ]s and [X ; Y ]s and givesrise to an extensionof Kellogg'smethod in
proving shift estimatesfor more complicatedboundary value problems.

In proving shift estimatesfor the biharmonic problem, we will follow Kellogg's ap-
proach in solving subspaceinterpolation problems on sector domains. The method
involves reduction of the problem to subspaceinterpolation on Sobolev spacesde�ned
on all of R2. This reduction requiresconstruction of \extension" and \restriction" op-
erators connectingSobolev spacesde�ned on sectorsand Sobolev spacesde�ned on R2.
The method involvesalso �nding the asymptotic expansionof the Fourier transform of
certain singular functions. The remaining part of the paper is organizedas follows. In
Section2 weprovea natural formula connectingthe normson the intermediatesubspaces
[X K ; Y ]s and [X ; Y]s. The main result of the section is a theorem which provides su�-
cient conditions (the (A1) and (A2) conditions) to comparethe topologieson [X K ; Y ]s
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and [X ; Y]s. A new proof of the main subspaceinterpolation result presented in [12]
and an extensionto subspaceinterpolation of codimensiongreater than one are given
in Section 3. The main result concerningshift estimatesfor the biharmonic Dirichlet
problem is consideredin Section4.

2. Interpola tion resul ts

In this section we give some basic de�nitions and results concerning interpolation
between Hilbert spacesand subspacesusing the real method of interpolation of Lions
and Peetre(see[15]).

2.1. In terp olation between Hilb ert spaces. Let X ; Y be separableHilbert spaces
with inner products (�; �)X and (�; �)Y , respectively, and satisfying for somepositive
constant c,

(2.1)
�

X is a densesubsetof Y and
kukY � ckukX for all u 2 X ;

where kuk2
X = (u; u)X and kuk2

Y = (u; u)Y .
Let D(S) denotethe subsetof X consistingof all elements u such that the antilinear

form

(2.2) v ! (u; v)X ; v 2 X

is continuous in the topology induced by Y.
For any u in D(S) the antilinear form (2.2) can be extendedto a continuous antilinear
form on Y. Then by Rieszrepresentation theorem,there existsan element Su in Y such
that

(2.3) (u; v)X = (Su; v)Y for all v 2 X :

In this way S is a well de�ned operator in Y , with domain D(S). The next result
illustrates the properties of S .

Prop osition 2.1. The domain D(S) of the operator S is densein X and consequently
D(S) is densein Y. The operator S : D(S) � Y ! Y is a bijective, self-adjoint and
positive de�nite operator. The inverse operator S� 1 : Y ! D(S) � Y is a bounded
symmetric positive de�nite operator and

(2.4) (S� 1z; u)X = (z; u)Y for all z 2 Y; u 2 X

If in addition X is compactly embedded in Y, then S� 1 is a compact operator.

The interpolating space[X ; Y ]s for s 2 (0; 1) is de�ned using the K function, where
for u 2 Y and t > 0 ,

K (t; u) := inf
u02 X

(ku0k2
X + t2ku � u0k2

Y )1=2:

Then [X ; Y]s consistsof all u 2 Y such that
Z

0

1

t � (2s+1) K (t; u)2 dt < 1 :
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The norm on [X ; Y]s is de�ned by

kuk2
[X ;Y ]s := c2

s

Z

0

1

t � (2s+1) K (t; u)2 dt;

where

cs :=
� Z

0

1 t1� 2s

t2 + 1
dt

� � 1=2

=

r
2
�

sin(� s)

By de�nition we take
[X ; Y ]0 := X and [X ; Y ]1 := Y:

The next lemma provides the relation betweenK (t; u) and the connectingoperator S.

Lemma 2.1. For all u 2 Y and t > 0 ,

K (t; u)2 = t2
�
(I + t2S� 1)� 1u; u

�
Y

:

Proof. Using the density of D(S) in X , we have

K (t; u)2 = inf
u02 D (S)

(ku0k2
X + t2ku � u0k2

Y )

Let v = Su0. Then

(2.5) K (t; u)2 = inf
v2 Y

((S� 1v; v)Y + t2ku � S� 1vk2
Y ):

Solving the minimization problem (2.5) we obtain that the element v which gives the
optimum satis�es

(I + t2S� 1)v = t2u;
and

(S� 1v; v)Y + t2ku � S� 1vk2
Y = t2

�
(I + t2S� 1)� 1u; u

�
Y

:
�

Remark 2.1. Lemma2.1 givesanother expressionfor the norm on [X ; Y]s, namely:

(2.6) kuk2
[X ;Y ]s := c2

s

Z

0

1

t � 2s+1
�
(I + t2S� 1)� 1u; u

�
Y

dt:

In addition, by this new expressionfor the norm (see De�nition 2.1 and Theorem 15.1
in [15]), it follows that the intermediate space [X ; Y]s coincides topologically with the
domain of the unbounded operator S1=2(1� s) equipped with the norm of the graph of the
sameoperator . As a consequence we havethat X is densein [X ; Y ]s for any s 2 [0; 1].

Lemma 2.2. Let X 0, be a closed subspace of X and let Y0, be a closed subspace of
Y. Let X 0 and Y0 be equipped with the topology and the geometry induced by X and Y
respectively, and assumethat the pair (X 0; Y0) satis�es (2.1). Then, for s 2 [0; 1],

[X 0; Y0]s � [X ; Y]s \ Y0:

Proof. For any u 2 Y0 we have

K (t; u; X ; Y) � K (t; u; X 0; Y0):

Thus,

(2.7) kuk[X ;Y ]s � kuk[X 0;Y0 ]s for all u 2 [X 0; Y0]s; s 2 [0; 1];

which provesthe lemma. �
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2.2. In terp olation between subspaces of a Hilb ert space.
Let K = spanf ' 1; : : : ; ' ng be a n-dimensionalsubspaceof X and let X K be the orthog-
onal complement of K in X in the (�; �)X inner product. Weare interestedin determining
the interpolation spacesof X K and Y, whereon X K we consideragain the (�; �)X inner
product. For certain spacesX K and Y and n = 1, this problem was studied in [12].
To apply the interpolation results from the previous sectionwe needto check that the
density part of the condition (2.1) is satis�ed for the pair (X K ; Y).

For ' 2 K, de�ne the linear functional � ' : X ! C, by

� ' u := (u; ' )X ; u 2 X :

Lemma 2.3. The space X K is densein Y if and only if the following condition is
satis�ed:

(2.8)
�

� ' is not bounded in the topology of Y
for all ' 2 K; ' 6= 0:

Proof. First let us assumethat the condition (2.8) doesnot hold. Then for some' 2 K
the functional L ' is a boundedfunctional in the topologyinducedby Y. Thus, the kernel
of L ' is a closedsubspaceof X in the topology inducedby Y. SinceX K is contained in
K er(L ' ) it follows that

X K
Y

� K er(L ' )
Y

= K er(L ' ):

HenceX K fails to be densein Y.
Conversely, assumethat X K is not densein Y, then Y0 = X K

Y
is a proper closed

subspaceof Y. Let y0 2 Y be in the orthogonal complement of Y0, and de�ne the linear
functional 	 : Y ! C, by

	 u := (u; y0)Y ; u 2 Y:

	 is a continuousfunctional on Y. Let  be the restriction of 	 to the spaceX . Then
 is a continuous functional on X . By RieszRepresentation Theorem, there is v0 2 X
such that

(2.9) (u; v0)X = (u; y0)Y ; for all u 2 X :

Let PK be the X orthogonal projection onto K and take u = (I � PK )v0 in (2.9). Since
(I � PK )v0 2 X K we have ((I � PK )v0; y0)Y = 0 and

0 = ((I � PK )v0; v0)X = ((I � PK )v0; (I � PK )v0)X :

It follows that v0 = PK v0 2 K and, via (2.9), that  = � v0 is continuousin the topology
of Y. This is exactly the opposite of (2.8) and the proof is completed. �

Remark 2.2. The result stil l holdsif we replace the �nite dimensionalsubspace K with
any closed subspace of X .

For the next part of this section we assumethat the condition (2.8) holds. By the
above Lemma, the condition (2.1) is satis�ed. It follows from the previoussectionthat
the operator SK : D(SK ) � Y ! Y de�ned by

(2.10) (u; v)X = (SK u; v)Y for all v 2 X K ;
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has the sameproperties as S has. Consequently, the norm on the intermediate space
[X K ; Y ]s is given by:

(2.11) kuk2
[X K ;Y ]s := c2

s

Z

0

1

t � 2s+1
�
(I + t2S� 1

K )� 1u; u
�

Y
dt:

Let [X ; Y ]s;K denote the closure of X K in [X ; Y ]s. Our aim in this section is to
determinesu�cien t conditions for ' i 's such that

(2.12) [X K ; Y ]s = [X ; Y ]s;K :

First, we note that the operators SK and S are related by the following identit y:

(2.13) S� 1
K = (I � QK )S� 1;

where QK : X ! K is the orthogonal projection onto K. The proof of (2.13) follows
easily from the de�nitions of the operators involved.

Next, (2.13) leads to a formula relating the norms on [X K ; Y ]s and [X ; Y]s. Before
deriving this formula in Theorem2.1 , we introducesomenotation. Let

(2.14) (u; v)X ;t :=
�
(I + t2S� 1)� 1u; v

�
X

for all u; v 2 X :

and denote by M t the Gram matrix associated with the set of vectors f ' 1; : : : ; ' ng in
the (�; �)X ;t inner product,i.e.,

(M t ) ij := (' j ; ' i )X ;t ; i; j 2 f 1; : : : ; ng:

We may assume,without loss,that M 0 is the identit y matrix.

Theorem 2.1. Let u be arbitrary in X K . Then,

(2.15) kuk2
[X K ;Y ]s = kuk2

[X ;Y ]s + c2
s

Z

0

1

t � (2s+1)


M � 1

t d;d
�

dt;

where < �; � > is the inner product on Cn and d is the n-dimensionalvector in Cn whose
componentsare

di := (u; ' i )X ;t ; i = 1; : : : ; n:

The proof of the of the theoremcan be found in [2].
For n = 1, let K = spanf ' g and denoteX K by X ' . Then, for u 2 X ' , the formula

(2.15) becomes

(2.16) kuk2
[X ' ;Y ]s = kuk2

[X ;Y ]s + c2
s

Z

0

1

t � (2s+1) j(u; ' )X ;t j
2

('; ' )X ;t
dt:

Next theoremgivessu�cien t conditions for (2.12) to be satis�ed. Beforewe state the
result we introducethe conditions:

(A.1) [X ' i ; Y ]s = [X ; Y ]s;' i for i = 1; : : : ; n.

(A.2) There exist � > 0 and 
 > 0 such that
nX

i =1

j� i j
2 (' i ; ' i )X ;t � 
 hM t � ; � i for all � = (� 1; : : : ; � n )t 2 Cn ; t 2 (� ; 1 ):

In [2] we give the following result:
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Theorem 2.2. Assumethat, for somes 2 (0; 1), the conditions (A.1) and (A.2) hold.
Then

[X K ; Y ]s = [X ; Y ]s;K :

For completnesswe include the proof.

Proof. Let s be �xed in (0; 1). SinceX K is densein both thesespaces,in order to prove
(2.12) it is enoughto �nd, for a �xed s, positive constants c1 and c2 such that

(2.17) c1kuk[X ;Y ]s � kuk[X K ;Y ]s � c2kuk[X ;Y ]s for all u 2 X K :

The function under the integral sign in (2.15) is nonnegative, so the lower inequality
of (2.17) is satis�ed with c1 = 1. For the upper part, we notice that, for u 2 X K and
wK := (I + t2S� 1

K )� 1u

(wK ; u)Y =
�
(I + t2S� 1

K )� 1u; u
�

Y
= (u; u)Y � t2

�
S� 1

K (I + t2S� 1
K )� 1u; u

�
Y

� (u; u)Y � c(s)kuk2
[X ;Y ]s

It was proved in [2] (Theorem 2.1) that

(2.18) (wK ; u)Y = (w; u)Y + t � 2


M � 1

t d;d
�

:

Then, using (2.11), (2.18) and the above estimate, we have that for any positive
number � ,

kuk2
[X K ;Y ]s � c(� ; s)kuk2

[X ;Y ]s +
Z 1

�
t � 2s+1 (wK ; u)2

Y dt

� c(� ; s)kuk2
[X ;Y ]s +

Z 1

�
t � 2s+1 (w; u)2

Y dt +
Z 1

�
t � 2s+1



M � 1

t d;d
�

dt:

Hencethe upper inequality of (2.17) is satis�ed if onecan �nd a positive � and c = c(� )
such that

(2.19)
Z 1

�
t � 2s+1



M � 1

t d;d
�

dt � ckuk2
[X ;Y ]s for all u 2 X K :

From (A.2) , there exist � > 0 and 
 > 0 such that



M � 1

t � ; �
�

� 

nX

i =1

j� i j
2 (' i ; ' i )� 1

X ;t

for all � = (� 1; : : : ; � n)t 2 Cn , t 2 (� ; 1 ). In particular, for � i = (u; ' i )X ;t , i = 1; : : : ; n,
we obtain



M � 1

t d;d
�

� 

nX

i =1

j(u; ' i )X ;t j
2

(' i ; ' i )X ;t
for all t 2 (� ; 1 ); u 2 X K ;
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whered = (d1; : : : ; dn)t . Thus, using the above estimate, (2.16) and (A.1) we have
Z 1

�
t � 2s+1



M � 1

t d;d
�

dt � 

nX

i =1

Z 1

�
t � 2s+1 j(u; ' i )X ;t j

2

(' i ; ' i )X ;t
dt

� 

nX

i =1

Z 1

0
t � 2s+1 j(u; ' i )X ;t j

2

(' i ; ' i )X ;t
dt

� 
 c� 2
s

nX

i =1

kuk2
[X ' i ;Y ]s � 
 c� 2

s nkuk2
[X ;Y ]s

Finally, (2.19) holds, and the result is proved. �

Remark 2.3. By Lemma2.3, the space X K is densein [X ; Y]s if and only if the func-
tionals L ' , ' 2 K are not bounded in the topology induced by [X ; Y ]s.

3. Interpola tion between subspaces of H � (RN ) and H � (RN ).

In this sectionwe give a simpli�ed proof of the main interpolation result presented in
[12]. An extensionto the casewhen the subspaceof interpolation has�nite codimension
bigger than one is alsoconsidered.

Let � 2 R and let H � (RN ) be de�ned by meansof the Fourier transform. For a
smooth function u with compactsupport in RN , the Fourier transform û is de�ned by

û(� ) = (2� ) � N=2
Z

u(x)e� ix� dx;

wherethe integral is taken over the whole RN . For u and v smooth functions the
� -inner product is de�ned by

< u; v > � =
Z

(1 + j� j2)� û(� )v̂(� ) d� :

The spaceH � (RN ) is the closureof smooth functions in the norm induced by the �
-inner product. For � ; � real numbers (� < � ), and s 2 [0; 1] it is easyto check, using
Remark 2.1, that

�
H � (RN ); H � (RN )

�
s

= H s� +(1 � s)� (RN ):

For ' 2 H � (RN ), we are interestedin determining the validit y of the formula

(3.1)
�
H �

' (RN ); H � (RN )
�

s
=

�
H � (RN ); H � (RN )

�
s;'

:

For certain functions ' the problem is studied by Kellogg in [12]. Next, we give a
newproof of Kellogg's result concerning(3.1) and extend it to the casewhenH �

' (RN ) is
replacedby a subspaceof �nite codimension. First, weconsiderthe casewhen0 = � < � .
The operator S, associatedwith the pair X = H � (RN ), Y = H 0(RN ) = L2(RN ), is given
by

cSu = � 2� û; u 2 D(S) = H 2� (RN );
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where � (� ) = (1 + j� j2)
1
2 , � 2 RN . For the remaining part of this chapter, H � denotes

the spaceH � (RN ) and Ĥ � is the spacef û ju 2 H � g. For û, v̂ 2 Ĥ � , we de�ne the inner
product and the norm by

(û; v̂) � =
Z

� 2� ûv̂ d� ; jj ûjj � = (û; û)1=2
� :

To simplify the notation, we denote the the inner products (�; �)0 and < �; � > 0 by (�; �)
and < �; � > , respectively. The norm jj � jj 0 on H 0 or Ĥ 0 is simply jj � jj .
Let � 2 Ĥ � be such that for someconstants � > 0 and c > 0,

(3.2)
�

j� (� ) � b(! )� � N
2 � 2� + � 0 j < c� � N

2 � 2� + � 0 � � for all � > 1
0 < � 0 < � ;

where � � 0 and ! 2 SN � 1 (the unit sphereof RN ) are the spherical coordinates of
� 2 RN , and whereb(! ) is a boundedmeasurablefunction on SN � 1, which is non zero
on a set of positive measure.

Remark 3.1. From the assumption (3.2) about � and by using Lemma 2.3, we have
that

(3.3) Ĥ �
� is densein Ĥ � if and only if � � � 0:

Theorem 3.1. (Kel logg)Let ' 2 H � be suchthat its Fourier transform � satis�es (3.2),
and let � 0 = � 0=� . Then

(3.4)
�
H �

' ; H 0
�

s
=

�
H � ; H 0

�
s;'

; 0 � s � 1; 1 � s 6= � 0;

Proof. From the way we de�ned < �; � > � , (3.4) is equivalent to

(3.5)
h
Ĥ �

� ; Ĥ 0
i

s
=

h
Ĥ � ; Ĥ 0

i

s;'
; 0 � s � 1; 1 � s 6= � 0:

Following the proof of Theorem 2.2, we seethat in order to prove (3.5), it is enough
to verify (2.19) for somepositive constants c = c(s) and � . Using (2.16), the problem
reducesto Z

�

1

t � (2s+1) j(û; � )X ;t j
2

(�; � )X ;t
dt � ckûk2

[X ;Y ]s for all û 2 X � ;

whereX = Ĥ � and Y = Ĥ 0. Denoting 1 � s = � and �( t) = (�; � )X ;t , this becomes

(3.6) I :=
Z

�

1

t2� � 3

�
�
�
�

� 4� û
� 2� + t2 ; �

� �
�
�
2

�
� 4� �

� 2� + t2 ; �
� dt � ckûk2

� � for all û 2 Ĥ �
� :

Using (3.2) it is easyto seethat, for a large enough� � 1

(3.7)
�

� 4� �
� 2� + t2

; �
�

� ct2(� 0 � 1) for all t � � ;

and (3.2) also implies that

(3.8) j� (� )j < cj� j �
N
2 � 2� + � 0 for j� j > 1:
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Beforewe start estimating I , let us observe that by using sphericalcoordinates

(3.9) kûk2
� � =

Z 1

0
U2(� ) d�; û 2 Ĥ �

� ;

where

U(� ) := � (� ) � � �
N � 1

2

� Z

j � j=1

jû(�; ! )j2 d!
� 1=2

; � (� ) = (1 + � 2)1=2:

First, we considerthe case0 < � < � 0 and set � 1 := � 0 � � . For û 2 Ĥ �
� we have

�
�
�
�

�
� 4� û

� 2� + t2
; �

� �
�
�
�

2

= t4

�
�
�
�

�
� 2� û

� 2� + t2
; �

� �
�
�
�

2

:

Thus, by this observation and (3.7) we get

I � c
Z 1

�
t3� 2� 1

� Z
� (� )2�

� (� )2� + t2
jû(� )� (� )j d�

� 2

dt:

Then,

I 1 =
Z 1

�
t3� 2� 1

� Z

j � j< 1

� (� )2�

� (� )2� + t2
jû(� )� (� )j d�

� 2

dt

� c
Z 1

�

t3� 2� 1

t4

� Z

j � j< 1

jû(� )� (� )j d�
� 2

dt� c
Z 1

�
t � (1+2 � 1 ) dt kûk2 k� k2 � c(� )kûk2

� � :

On the other hand, by Fubini's theorem,we have

I 2 =
Z 1

�
t3� 2� 1

� Z

j � j> 1

� (� )2�

� (� )2� + t2
jû(� )� (� )j d�

� 2

dt

=
Z 1

�
t3� 2� 1

� Z

j � j> 1

� (� )2�

� (� )2� + t2
jû(� )� (� )j d�

� � Z

j � j> 1

� (� )2�

� (� )2� + t2
jû(� )� (� )j d�

�
dt

=
Z

j � j> 1

Z

j � j> 1

jû(� )û(� )� (� )� (� )j
�
� (� )� (� )

� 2�
Z 1

�

t3� 2� 1

�
� (� )2� + t2

��
� (� )2� + t2

� dt d� d� :

To estimate the last integral we usethe formula

(3.10)
Z

0

1 t3� 2�

(a + t2)(b+ t2)
dt =

1
c2

�

a1� � � b1� �

a � b
; 0 < � < 2; � 6= 1; a;b> 0:

The integral can be calculated by standard complex analysis tools. If a = b, then the
right side of the above identit y is replacedby 1� �

c2
�

a� � . Next, by using (3.10), (3.8) and
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sphericalcoordinates � = (�; ! ), � = (r; � ), we obtain

I 2 � c(� )
Z 1

1

Z 1

1
(� (r )� (� ))2� � � � (r � ) � 1

2 � 2� + � 0 R1� � 1 (� (r )2� ; � (� )2� )U(r )U(� ) d� dr;

wherefor � 2 (0; 1), x > 0, y > 0, we denote

R� (x; y) =
� x � � y �

x� y ; f or x 6= y
� x � � 1; f or x = y:

The function x ! R� (x; y) is decreasingon (0; 1 ) for each y 2 (0; 1 ) and it is
symmetric with respect to x and y.

Using this observation, we get

I 2 � c(� )
Z 1

1

Z 1

1
(r � ) � 1

2 + � � 1 R1� � 1 (r 2� ; � 2� ) U(� )U(r ) dr d�

� c(� )
Z 1

0

Z 1

0
K (r; � )U(r )U(� ) dr d�;

where

(3.11) K (r; � ) = (r � ) � 1
2 + � � 1 R1� � 1 (r 2� ; � 2� ):

In order to estimate the last integral, we apply the following lemma.

Lemma 3.1. (Schur) SupposeK (x; y) is nonnegative, symmetric and homogeneous of
degree � 1, and f , g are nonnegative measurablefunctions on (0; 1 ). Assumethat

k =
Z 1

0
K (1; x)x � 1

2 dx < 1 :

Then

(3.12)
Z 1

0

Z 1

0
K (x; y)f (x)g(y) dx dy � k

� Z 1

0
f (x)2 dx

� 1
2
� Z 1

0
g(y)2 dy

� 1
2

:

We will prove this lemma later. For the moment, we seethat the function K (x; y),
given by (3.11), is homogeneousof degree� 1, and satis�es

k =
Z 1

0
K (x; 1)x � 1

2 dx < 1 :

Indeed

k =
Z 1

0
x � 1+ � � 1

x2� (1� � 1 ) � 1
x2� � 1

dx x � = t= �
Z 1

0

t1� � 1 � t � 1 � 1

t2 � 1
dt < 1 ; f or 0 < � 1 < 1:

By Lemma 3.1,

I 2 � c(� )
Z 1

0
U2(� ) d� � c(� )kûk2

� �

and by combining the estimatesI 1 and I 2, we obtain (3.6).
Let us considernow the case� 0 < � < 1, and let � 1 = � � � 0. Then, by using (3.7),

we have

I � c
Z 1

�
t2� 1 � 1

� Z
� (� )4�

� (� )2� + t2
jû(� )� (� )j d�

� 2

dt:
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The remainingpart of the proof is very similar to the proof of the �rst case.The theorem
is proved. �

Proof of Lemma3.1. By Fubini's theorem, it follows
Z 1

0

Z 1

0
K (x; y)f (x)g(y) dx dy =

Z 1

0
f (x)

� Z 1

0
K (x; y)g(y) dy

�
dx

=
Z 1

0
f (x)

Z 1

0
xK (x; xt )g(xt ) dt dx =

Z 1

0
f (x)

Z 1

0
K (1; t)g(xt ) dt dx

=
Z 1

0
K (1; t)

Z 1

0
f (x)g(xt ) dx dt

�
Z 1

0
K (1; t)

� Z 1

0
f (x)2 dx

� 1
2
� Z 1

0
g(xt )2 dx

� 1
2

dt

�
Z 1

0
K (1; t)t � 1

2 dt
� Z 1

0
f (x)2 dx

� 1
2
� Z 1

0
g(x)2 dx

� 1
2

:

Next we preparefor the generalizationof the previousresult.
Let � 1; � 2; : : : ; � n 2 Ĥ � (RN ) such that for someconstants � > 0 and c > 0 we have

(3.13)
�

j� i (� ) � ~� i (� )j < c� � N
2 � 2� + � i � � f or j� j > 1

0 < � i < � ; i = 1; : : : ; n;

where
~� i (� ) = bi (! )� � N

2 � 2� + � i ; � = (�; ! );

and bi (�) is a boundedmeasurablefunction on SN � 1, which is non zeroon a setof positive
measure.

De�ne

� ij (t) =
�

� 4� � i

� 2� + t2
; � j

�
; ~� ij (t) =

�
j� j4� ~� i

j� j2� + t2
; ~� j

�
; � i =

� i

�
;

[~� i ; ~� j ] :=
1
�

(bi ; bj )�

Z 1

0

x � i x � j

x(x2 + 1)
dx; i; j = 1; 2; : : : ; n;

where(�; �) � is the inner product on L 2(SN � 1).
Clearly, [�; �] is an inner product on spanf ~� i j i = 1; 2; : : : ; ng.

Lemma 3.2. With the abovesetting we have

(3.14) ~� ij (t) = [~� i ; ~� j ]t � i + � j � 2

(3.15) j� ij (t) � ~� ij (t)j � ct� i + � j � 2� � ; t > � ;

for someconstantsc > 0, � > 0 and � � 1.

Proof. By using sphericalcoordinates,we have

~� ij (t) =
Z

j� j4�

j� j2� + t2
~� i

~� j d� =
Z 1

0

� � i + � j � 1

� 2� + t2
d�

Z

j � j=1

bi (! )bj (! ) d! :
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The changeof variable � � = tx in the �rst integral completesthe proof of (3.14). The
proof of (3.15) is straightforward. �

Theorem 3.2. Let ' 1; ' 2; : : : ; ' n 2 H � be such that the corresponding Fourier trans-
forms � 1; � 2; : : : ; � n satisfy (3.13) and in addition, the functions ~� 1; ~� 2; : : : ; ~� n are lin-
early independent.

Let K = spanf ' 1; ' 2; : : : ; ' ng. Then

[H �
K ; H 0]s = [H � ; H 0]s;K ; (1 � s)� 6= � i ; f or i = 1; 2; : : : ; n:

Proof. We apply the Theorem 2.2 for X = H � , Y = H 0, K = spanf ' 1; : : : ; ' ng and s
such that (1 � s)� 6= � i , i = 1; 2; : : : ; n. By using the hypothesis(3.13) and Theorem
3.1, we get

[H �
' i

; H 0]s = [H � ; H 0]s;' i ; f or i = 1; 2; : : : ; n:
So (A1) is satis�ed. In order to verify the condition (A2) , we �rst observe that
(M t ) ij = � ij (t). By denoting D t = diag(M t ), the condition (A2) can be written as
follows:

There are � > 0 and 
 > 0 such that

M t � 
 D t � 0; f or all t 2 (� ; 1 );

where for a squarematrix A, A � 0 meansthat A is a nonnegative de�nite matrix.
From the previous lemma we obtain the behavior of (M t ) ij for t large:

(M t ) ij =
�
[~� i ; ~� j ] + f ij (t)

�
t � i � 1t � j � 1

wherejf ij (t)j < ct� � , for t > � . Denote ~M t , ~M the n x n matrices de�ned by

( ~M t ) ij = [~� i ; ~� j ] + f ij (t); ( ~M ) ij = [~� i ; ~� j ]

and let ~D t = diag ~M t , ~D = diag ~M . Next, for z = (z1; z2; : : : ; zn ) 2 Cn , we have


(M t � 
 D t )z; z

�
=



( ~M t � 
 ~D t )zt ; zt

�

where< �; � > is the inner product on Cn and (zt ) i = zi t � i � 1, i = 1; 2; : : : ; n.
Hence,the condition (A2) is satis�ed if onecan �nd 
 > 0, � > 0, such that

~M t � 
 ~D t � 0; for all t 2 (� ; 1 ):

On the other hand, since ~� 1; ~� 2; : : : ; ~� n are linearly independent, ~M is a symmetric
positive de�nite matrix on Cn and

lim

 & 0;t !1

( ~M t � 
 ~D t ) = ~M :

Therefore, there are 
 > 0, � > 0 such that ~M t � 
 ~D t > 0, for all t 2 (� ; 1 ), and
(A2) holds. The result is proved by applying Theorem2.2. �

The corresponding caseof interpolation betweensubspacesof H � of �nite codimen-
sionsand H � , where� , � arereal numbers,� < � , is a direct consequenceof the previous
theorem.

Let � < � and ' 1; ' 2; : : : ; ' n 2 H � be such that the corresponding Fourier transform
� 1; � 2; : : : ; � n satisfy for somepositive constants c and � ,

(3.16)
�

j� i (� ) � ~� i (� )j < c� � N
2 � 2� + 
 i � � f or j� j > 1

� < 
 i < � ; i = 1; : : : ; n;
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where
~� i (� ) = bi (! )� � N

2 � 2� + 
 i ; � = (�; ! );

and bi (�) is a boundedmeasurablefunction on SN � 1, which is non zeroon a setof positive
measure.

Theorem 3.3. Let ' 1; ' 2; : : : ; ' n 2 H � be such that the corresponding Fourier trans-
forms � 1; � 2; : : : ; � n satisfy (3.16), and in addition, the functions ~� 1; ~� 2; : : : ; ~� n are lin-
early independent. Let L = spanf ' 1; ' 2; : : : ; ' ng. Then

(3.17) [H �
L ; H � ]s = [H � ; H � ]s;L ; s� + (1 � s)� 6= 
 i ; f or i = 1; 2; : : : ; n:

Furthermore , if s� + (1 � s)� < minf 
 i ; i = 1; 2; : : : ; ng, then

(3.18) [H �
L ; H � ]s = H s� +(1 � s)� :

Proof. The �rst part follows from the main theorem3.2 and the fact that T : H � ! H 0

de�ned by T̂u = � � û; u 2 H � is an isometry from H � to H 
 � � for any 
 2 [� ; � ].
Now let s < minf 
 i ; i = 1; 2; : : : ; ng. By the �rst part of the theorem, in order to

prove (3.18) we needonly to prove that H �
L is densein H s� +(1 � s)� . By Lemma 2.3, this

is equivalent to proving that

(3.19)

(
H � 3 u

� '
� ! < u; ' > � = (û; '̂ ) � ;

is not boundedin the topology of H s� +(1 � s)� f or all ' 2 L ; ' 6= 0:

For a �xed ' 2 L we have '̂ =
nP

i =1
ci � i .

Since ~� 1; ~� 2; : : : ; ~� n are assumedto be linearly independent, ' fails to be a \good"
function (better than ' i , i = 1; 2; : : : ; n). More precisely, the asymptotic expansion
at in�nit y of '̂ is of the sametype (except maybe a di�erent b-part) with one of the
functions ~� 1; ~� 2; : : : ; ~� n . Thus, it is enoughto check (3.19) for ' 2 f ' 1; ' 2; : : : ; ' ng.

Assumingthat � ' i is continuous, it implies that

(û; � i )� = (û; f i )s� +(1 � s)� ; u 2 H � ;

for a function f i 2 Ĥ s� +(1 � s)� .
Thus, by using the density of H � in H s, for s < � , we get that f i = � 2� � � 2(s� +(1 � s)� ) � i .

On the other hand,
Z

� 2(s� +(1 � s)� ) jf i j2 d� =
Z

� 2� � 2s� +2 s� j� i j2 d�

� c
Z 1

�
� 2� � 2s� +2 s� � � N � 4� +2 
 i � N � 1d�

= c
Z 1

�
� � 1+2( 
 i � (s� +(1 � s)� )) d� = 1

for s� + (1 � s)� < minf 
 i ; i = 1; 2; : : : ; ng. This completesthe proof. �
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4. Shift theorem f or the Biharmonic opera tor on pol ygonal domains.

Let 
 be a polygonal domain in R2 with boundary @
 . Let @
 be the polygonal arc
P1P2 � � � Pm P1. At each point Pj , we denotethe measureof the anglePj (measuredfrom
inside 
) by ! j . Let ! := maxf ! j : j = 1; 2; : : : ; mg.

We considerthe biharmonic problem Given f 2 L 2(
), �nd u such that

(4.1)

8
<

:

� 2u = f in 
 ;
u = 0 on @
 ;

@u
@n = 0 on @
 :

Let V = H 2
0(
) and

a(u; v) :=
X

1� i;j � 2

Z




@2u
@x i @x j

@2v
@x i @x j

dx; u; v; 2 V:

The bilinear form a de�nes a scalarproduct on V and the inducednorm is equivalent to
the standard norm on H 2

0 (
). The variational form of (4.1) is : Find u 2 V such that

(4.2) a(u; v) =
Z



f v dx for all v 2 V:

Clearly, if u is a variational solution of (4.2), then one has � 2u = f in the sense
of distributions and becauseu 2 H 2

0 (
), the homogeneousboundary conditions are
automatically ful�lled. As done in [2], the problem of deriving the shift estimate on 

can be localizedby a partition of unity so that only sectorsdomains or domainswith
smooth boundariesneedto be considered. If 
 is a smooth domain, then it is known
that the solution u of (4.2) satis�es

kukH 4(
) � ckf k; for all f 2 L 2(
) ;

and
kukH 2(
) � ckf kH � 2(
) ; for all f 2 H � 2(
) :

Interpolating thesetwo inequalities yields

kuk2+2 s � ckf k� 2+2 s; for all f 2 H � 2+2 s(
) ; 0 � s � 1:

So we have the shift theorem for all s 2 [0; 1]. Let us consider the caseof a sector
domain. The threshold, s0, below which the shift estimatefor a polygonaldomain holds
is given, asin the Poissonproblem, by the largest internal angle! of the polygon. Thus,
it is enoughto considerthe domain S! de�ned by

S! = f (r; � ); 0 < r < 1; � ! =2 < � < ! =2g:

We associate to (4.1) and 
 = S! , the characteristic equation

(4.3) sin2(z! ) = z2 sin2 ! :

In order to simplify the exposition of the proof, we assumethat

(4.4) sin

r
! 2

sin! 2
� 1 6=

r

1 �
sin! 2

! 2

and
Rez 6= 2 for any solution z of (4.3):
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The restriction (4.4) assuresthat the equation (4.3) has only simple roots. Let
z1; z2; : : : ; zn be all the roots of (4.3) such that 0 < Re(zj ) < 2. It is known (see
[7], [10], [13], [17]) that the solution u of (4.2) can be written as

(4.5) u = uR +
nX

j =1

kj Sj ;

whereuR 2 H 4(
) and for j = 1; 2; : : : ; n, we have Sj (r; � ) = r 1+ zj uj (� ),
uj is smooth function on [� ! =2; ! =2] such that uj (� ! =2) = uj (! =2) = u0

j (� ! =2) =
u0

j (! =2) = 0, kj = cj

R

 f ' j dx and cj is nonzeroand depends only on ! . The func-

tion ' j is called the dual singular function of the singular function Sj and ' j (r; � ) =
� (r ) r 1� zj uj (� ) � wj , wherewj 2 V is de�ned for a smooth truncation function � to be
the solution of (4.2) with f = � 2(� (r ) r 1� zj uj (� )). In addition,

(4.6) kuRkH 4(
) � ckf k; for all f 2 L 2(
) :

Next, we de�ne K = spanf ' 1; ' 2; : : : ; ' ng. As a consequenceof the expansion(4.5)
and the estimate (4.6) we have

(4.7) kukH 4(
) � ckf k; for all f 2 L 2(
) K :

Combining (4.7) with the standard estimate

kukH 2(
) � ckf kH � 2(
) ; for all f 2 H � 2(
) ;

we obtain, via interpolation

(4.8) kuk[H 4(
) ;H 2 (
)] 1� s � ckf k[L 2(
) K ;H � 2(
)] 1� s ; s 2 [0; 1]:

Let s0 = minf Re(zj ) j j = 1; 2; : : : ; ng. Then, we have

Theorem 4.1. If 0 < 2s < s0 and 
 = S! , then

(4.9) [L2(
) K ; H � 2(
)] 1� s = [L2(
) ; H � 2(
)] 1� s:

Proof. First we prove that there are operators E and R such that

E : L2(
) � ! L2(R); E : H 2
0 (
) � ! H 2(R2);

R : L2(R2) � ! L2(
) ; R : H 2(R2) � ! H 2
0 (
)

are boundedoperators, and REu = u; for all u 2 L 2(
).
Indeed,E can be taken to be the extensionby zerooperator.

To de�ne R, let � = � (r ) be a smooth function on (0; 1 ) such that � (r ) � 1 for
0 < r � 1 and � (r ) � 0 for r > 2. De�ne � = !

2 ; a = �
� � � and

g1(� ) =
� � �

�
� + � ; g2(� ) =

� � �
� 2

(� � � )2 + � ; � 2 [0; � ]:

Note that gi (0) = � and gi (� ) = � , i = 1; 2: For a smooth function u de�ned on R2

we de�ne Ru := u3, where
Step 1. u1 = � u:

Step 2. u2(r; � ) = u1(r; � ) + 3u1(1=r; � ) � 4u1(1=2 + 1=(2r ); � ); r < 1; � 2 [0; 2� ):

Step 3. For 0 < r < 1

u3(r; � ) =
�

u2(r; � ) + au2(r; g1(� )) � (1 + a)u2(r; g2(� )) ; 0 � � < ! =2;
u2(r; � ) + au2(r; � g1(� � )) � (1 + a)u2(r; � g2(� � )) ; � ! =2 < � < 0:
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One can check that, for u 2 H 2
0 (R2), u3 2 H 2

0 (
) and REu = u. The operator R can
be extendedby density to L 2(R2). The extendedoperator R satis�es all the desired
properties.

Next, let � j be the Fourier transform of E ' j ; j = 1; : : : ; n. Using asymptotic expan-
sion of integrals theory presented in the Appendix 5.2, we have that the functions
f E ' j ; j = 1; : : : ; ng satisfy for somepositive constants c and � ,

(4.10)
�

j� j (� ) � ~� j (� )j < c� � 1+( � 2+ sj )� � f or j� j > 1
� 2 < � 2 + si < 0; i = 1; : : : ; n;

wheresj = Re(zj ) and

~� j (� ) = bi (! )� � 1+( � 2+ sj ) ; � = (�; ! ) in polar coordinates;

and bj (�) is a bounded measurablefunction on the unit circle, which is non zero on a
set of positive measure. Thus, we have that the functions f E ' j ; j = 1; : : : ; ng satisfy
the hypothesis(3.16) of Theorem 3.3 with N = 2, � = 0, � = � 2 and 
 j = � 2 + sj ,
j = 1; : : : ; n. Denoting L := spanf E ' j ; j = 1; : : : ; ng, by Theorem 3.3 applied with
1 � s instead of s, we have that

(4.11) [L2(R2)L ; H � 2(R2)]1� s = [L2(R2); H � 2(R2)]1� s = H � 2+2 s(R2);

for 2s < s0 := minf Re(zj ); j = 1; 2; : : : ; ng.
Finally, using (4.11), the operators E , R and Lemma 5.1 (adapted to the casewhen

we work with subspacesof codimensionn > 1), we concludethat (4.9) holds for 2s < s0.
From the estimate (4.8) and the interpolation result (4.9) we obtain

kuk2+2 s � ckf k� 2+2 s; for all f 2 H � 2+ s(
) ; 0 � 2s < s0:

The above estimate still holds for the casewhen 
 is a polygonal domain and s0

corresponds to the largest inner angle ! of the polygon. Figure 1 (seebelow) gives the
graph of the function ! ! 2 + s0(! ) which represents the regularity threshold for the
biharmonic problem in terms of the largest inner angle ! of the polygon. On the same
graph we represent the the number of singular (dual singular) functions as function of
! 2 (0; 2� ). Note that if ! is bigger than 1:43� , which is an approximation for the
solution in (0; 2� ) of the equation tan ! = ! , the spaceK has the dimensionsix.

5. Appendix

5.1. App endix A. An in terp olation result. Let 
 � e
 be domains in R2 and
V 1(
), V 1(e
 ) besubspacesof H 1(
) ; H 1(e
), respectively. On V 1(
) ; V 1(e
 ) weconsider
inner products such that the inducednorms are equivalent with the standard norms on
H 1(
) ; H 1(e
 ), respectively. In addition, we assumethat V 1(
) ; V 1(e
 ) are densein
L2(
) ; L2(e
), respectively. Let's denotethe dualsof V 1(
) ; V 1(e
) by V � 1(
) ; V � 1(e
),
respectively. We supposethat there are linear operators E and R such that

(5.1) E : L2(
) ! L2(e
 ); E : V 1(
) ! V 1(e
) are boundedoperators;

(5.2) R : L2(e
 ) ! L2(
) ; R : V 1(e
) ! V 1(
) ; are boundedoperators;
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Figure 1. Regularity for the biharmonic problem.

(5.3) REu = u for all u 2 L 2(
) :

Let  2 L2(
) , e = E 2 L2(e
) and � 2 (0; 1) be such that

(5.4) L2(
)  := f u 2 L2(
) : (u;  ) = 0g is densein [L 2(
) ; V � 1(
)] � ;

(5.5) L2(e
) e := f u 2 L2(e
) : (u; e ) = 0g is densein V � 1(e
) ;

(5.6) [L2(e
 ) e ; V � 1(e
)] � = [L2(e
 ); V � 1(e
 )]� :

Lemma 5.1. Using the abovesetting, assumethat (5.1)-(5.6) are satis�ed. Then,

(5.7) [L2(
)  ; V � 1(
)] � = [L2(
) ; V � 1(
)] � :

Proof. Using the duality , from (5.1)-(5.3) we obtain linear operators E � , R� such that

(5.8) E � : L2(e
) ! L2(
) ; E � : V � 1(e
) ! V � 1(
) ; are boundedoperators;

(5.9) R� : L2(
) ! L2(e
) ; R� : V � 1(
) ! V � 1(e
) are boundedoperators;

(5.10) E � R� u = u for all u 2 L2(
) ;
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(5.11) E � maps L2(e
 ) e to L2(
)  ;

(5.12) R� maps L2(
)  to L2(e
 ) e :

From (5.8) and (5.11), by interpolation, we obtain

(5.13) kE � vk[L 2(
)  ;V � 1(
)] � � ckvk[L 2( e
 ) e ;V � 1 ( e
)] �
for all v 2 L2(e
) e :

For u 2 L2(
)  , let v := R� u. Then, using (5.12), we have that v 2 L 2(e
) e . Taking
v := R� u in (5.13) and using (5.10), we get

(5.14) kuk[L 2(
)  ;V � 1 (
)] �
� ckR� uk[L 2( e
 ) e ;V � 1 ( e
)] �

for all u 2 L2(
)  :

Also, from the hypothesis(5.6), we deducethat

(5.15) kR� uk[L 2( e
) e ;V � 1( e
 )] �
� ckR� uk[L 2( e
) ;V � 1( e
 ]�

for all u 2 L2(
)  :

From (5.9), again by interpolation, we have in particular

(5.16) kR� uk[L 2( e
) ;V � 1( e
 ]�
� ckuk[L 2(
) ;V � 1 (
)] �

for all u 2 L2(
)  :

Combining (5.14)-(5.16), it follows that

(5.17) kuk[L 2(
)  ;V � 1 (
)] � � ckuk[L 2(
) ;V � 1 (
)] � for all u 2 L2(
)  :

The reverse inequality of (5.17) holds becauseL 2(
)  is a closedsubspaceof L 2(
).
Thus, the two norms in (5.17) are equivalent for u 2 L 2(
)  . From the assumption
(5.4), L2(
)  is densein both spacesappearing in (5.7). Therefore,we obtain (5.7). �

Remark 5.1. The proof does not changeif we consider 
 � e
 to be domains in RN

and H 1 is replaced by any other Sobolev space of positive integer order k.

5.2. App endix B. Asymptotic expansion for the Fourier in tegrals. For a more
generalpresentation of asymptotic expansionof functions de�ned by integrals see[4],
[8], [19].

Integrals of the form Z b

a
eixt f (t) dt;

are called Fourier integrals. We shall present the asymptotic behavior as x ! 1 of the
Fourier integrals for a particular type of function f . If � and  are two real functions
de�ned on the interval I = (0; 1 ) and  is a strictly positive function on I , we write
� = O( ) as x ! 1 if �= is boundedon an interval I = (� ; 1 ) for a positive � , and
� = o( ) as x ! 1 if lim

x!1
�= = 0.

Theorem 5.1. Let � be a continuously di�er entiable function on the interval [a;b] and
� 2 (0; 1).

a) If � (b) = 0 then
Z b

a
eixt (t � a) � � 1� (t) dt = � �( � )� (a)e

�
2 i (� � 2)eixa x � � + O(x � 1):
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b) If � (a) = 0 then
Z b

a
eixt (b� t) � � 1� (t) dt = �( � )� (b)e� �

2 i� eixb x � � + O(x � 1):

Here � is the Euler's gammafunction.

Remark 5.2. The result holds for � = 1 provided O(x � 1) is replaced by o(x � 1) in the
above formulas.

The proof of Theorem5.1 can be found in [8] Section2.8.
Next we study the asymptotic behavior of the Fourier transformsof the dual singular

functions which appear in Section4. To this end, let � = � (r ) be a smooth real function
on [0; 1 ) such that � (r ) � 0 for r > 3=4 and let u = u(� ) be a su�cien tly smooth real
function on [0; 2� ]. For any non-zeros 2 (� 1; 1) we de�ne

u(x) = � (r )r su(� ); x = (r; � ) 2 R2;

and

�( �; ! ) = 2� �̂u(� ) =
Z

R2

eix �� u(x) dx; � = (�; ! ) 2 R2;

where(r; � ) and (�; ! ) are the polar coordinatesof x and � , respectively. One can easily
seethat

(5.18) �( �; ! ) =
Z 1

0

Z 2�

0
� (r )r 1+ su(� )eir � cos(� � ! ) d� dr:

To study the asymptotic behavior of � for large� , we usethe techniqueof [12] to reduce
the doubleintegral to a singleintegral. For a �xed ! , weconsiderthe line r cos(� � ! ) = t
in the x planeand denoteby l(t; ! ) the intersectionof this line with the unit disk. Next,
in the (r; t) variablesthe integral (5.18) becomes:

(5.19) �( �; ! ) =
Z 1

� 1
g(t)eit� dt;

where

g(t) =
Z

l (t;! )

� (r )r 1+ s

p
r 2 � t2

u(� ) dr;

� = ! + cos� 1(t=r ), if � 2 [! ; ! + � ] and � = ! � cos� 1(t=r ), if � 2 [! � � ; ! ] . The
function g is continuous di�erentiable on [� 1; 1] and g(� 1) = g(1) = 0. Thus, from
(5.19) we have

(5.20) �( �; ! ) =
i
�

Z 1

� 1
g0(t)eit� dt

The function g can be described as

g(t) =
Z 1

jt j

� (r )r 1+ s

p
r 2 � t2

u(! + cos� 1(t=r )) dr +
Z 1

jt j

� (r )r 1+ s

p
r 2 � t2

u(! � cos� 1(t=r )) dr;

and the integral in (5.20) can be split in
R0

� 1 +
R1

0 . Thus, the function � is de�ned by a
sum of four integrals. We will useTheorem5.1 in order to �nd the asymptotic behavior
as � ! 1 of each of the integrals. We shall present the estimate for only oneof them.
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Let s 2 (� 1; 0) be �xed and let h be the function de�ned by

h(t) =
Z 1

t

� (r )r 1+ s

p
r 2 � t2

u(� ) dt;

where� = ! + cos� 1(t=r ). We apply Theorem5.1 for the integral

(5.21)
Z 1

0
h0(t)eit� dt:

To computeh0(t) (by Leibnitz's formula) we set x = r � t to rewrite h as

h(t) =
Z 1� t

x=0

� (x + t)(x + t)1+ s

p
x

p
x + 2t

u(� ) dx:

This leadsto

h0(t) =

1� tZ

0

" �
(1 + s)� (x + t)(x + t)s

p
x

p
x + 2t

+
� 0(x + t)(x + t)1+ s

p
x

p
x + 2t

�
� (x + t)(x + t)1+ s

p
x(x + 2t)3=2

�
u(� )

�
� (x + t)(x + t)s

x + 2t
u0(� )

#

dx

Going back to the r variable, via the changer = x + t, we get

h0(t) =
Z

t

1" �
(1 + s)� (r )r s

p
r 2 � t2

+
� 0(r )r 1+ s

p
r 2 � t2

�
� (r )r 1+ s

p
r 2 � t2(r + t)

�
u(� )

�
� (r )r s

r + t
u0(� )

#

dr

A new change of variable r = yt leads to the fact that h0(t) = ts� (t), where the
function � is continuousdi�erentiable on [0; 1], � (0) is in generalnot zeroand � (1) = 0.
According to Theorem5.1 (with � = 1 + s) we have that

(5.22)
Z 1

0
h0(t)eit� dt = b1(! )� � 1� s + O(� � 1);

where the constant in the term O(� � 1) is bounded uniformly in ! . Therefore, from
(5.19) and (5.22), for the cases 2 (� 1; 0) we obtain that

(5.23) �( �; ! ) = b(! )� � 2� s + O(� � 2);

where the constant in the term O(� � 2) is bounded uniformly in ! . By Remark 5.2,
(5.23) holds for s = 0 provided O(� � 2) is replacedbe o(� � 2). The cases 2 (0; 1) can
be treated in a similar way. Sinceh0(1) = 0, one can easily seethat in fact we have
g0(1) = 0 and g0(� 1) = 0. Then, from (5.19) we get

(5.24) �( �; ! ) =
� 1
� 2

Z 1

� 1
g00(t)eit� dt:

All the considerationsfor g usedin the cases 2 (� 1; 0) can be reproduced in the case
s 2 (0; 1) for the functions g0 in order to get

(5.25) �( �; ! ) = b(! )� � 2� s + O(� � 3);
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wherethe constant in the term O(� � 3) is boundeduniformly in ! .
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